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ABSTRACT
The classical theory o f estuarine dynamics has been challenged by a number o f 
recent studies regarding the important contributions o f tidal, lateral, and Coriolis effects 
to the subtidal dynamics at leading order. Although the classical theory excluded these 
processes, Hansen and Rattray’s model (HR65) shows a remarkable skill in predicting 
subtidal circulation. However, the success o f  the predictive skill is not well understood. 
In this thesis, a perturbation approach is introduced to derive a “general solution” (GS) o f  
subtidal along-channel velocity profile for estuarine circulation incorporating the effects 
o f tidal and lateral processes, which allows us to evaluate the possible circulation patterns, 
the underlying mechanisms, and to diagnose the contributions o f these nonlinear 
processes. The GS applies to the entire estuary at any location without including 
presumptions o f constant baroclinic pressure gradient and constant eddy viscosity. The 
GS was tested against a numerical model simulation case. A non-dimensional parameter 
X  is introduced for determining the structure o f  estuarine circulation. The success o f 
HR65 has been evaluated and compared with GS. It is found that HR65 is a particular 
case o f GS when estuarine circulation is dominated by horizontal pressure gradients and it 
has a good predictive skill when x  *s in the range between -0 .53  and -0 .20 . However, its 
scaling o f the strength o f estuarine circulation could deviate from the true circulation 
when these nonlinear effects are important unless this scaling or its dependence on 
constant eddy viscosity is rectified by a scaling factor y.
GS can be considered as the superimposition o f flow uc that is only related to 
depth-averaged velocity C  and exchange flow ur. The exchange flow consists o f six 
possible patterns. Four o f them have two-layer structure, and the remaining two have
three-layer structure. The pattern o f  the estuarine circulations will be altered and some 
patterns cannot be observed when the magnitude o f C is comparable to exchange flow. 
The circulation exhibits a total inflow (or outflow) when C  is much large than exchange 
flow. The typical pattern o f circulation is the two-layer circulation with seaward flow in 
the upper layer and landward flow in the lower layer. Both the lateral processes and tides 
could significantly change the pattern through its effect on mixing and barotropic forcing.
Although terms higher than 4th-order can reduce the deviation o f model results 
from the real circulation, their inclusion does not have clear physical meaning. Therefore, 
the general solution only retains a 4th-order approximation o f the circulation that can 
explain both two-layer and three-layer circulation patterns being observed in estuaries.
Besides the density-driven circulation, other possible circulations such as tide- 
induced and laterally-induced circulation are discussed. It is found that they could create 
two-layer circulation that has structure similar to observations. However, the results 
suggest that baroclinic forcing is the primary fundamental mechanism o f estuarine 
circulation.
CHAPTER I. Introduction
1.1 Background and questions
One o f the most important dynamics in estuaries is estuarine circulation, the 
tidally-averaged (residual) along-channel circulation. It often exhibits a common pattern 
world-wide, regardless o f  the size, and the stratification o f  the estuary: a two-layer 
exchange flow with landward saline currents in the lower layer, compensated by less 
dense currents in the upper layer as one moves seaward.
The dynamics o f estuarine circulation have been widely investigated since the 
foundation o f its theory was first addressed in a series o f pioneering papers by Pritchard 
(1952, 1954, 1956). By analyzing the tidally-averaged pressure gradient, shear stress, and 
velocity in the James River, he provided an insight into the dominant balance controlling 
the tidally-averaged residual circulation in estuaries: pressure gradient (barotropic and 
baroclinic gradients) is balanced by the stress divergence. This momentum balance 
establishes the foundation o f the estuarine two-layer circulation model (we hereafter refer 
to it as the classical theory):
_ J _dP_^d_  
p  dx dz
r . du '  
k —
v <5- >
= 0 ( 1.1)
where p  is the density o f the water, P  is the pressure including both the barotropic and the 
baroclinic pressures, k  is the eddy viscosity, and u is the along-estuary velocity. All the 
variables are tidally averaged.
The analytical solutions o f this momentum balance for an idealized rectilinear 
coastal-plain estuary had been developed by Hansen and Rattray (1965) and Chatwin 
(1976). By assuming a constant horizontal salinity gradient and constant tidally-averaged
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eddy viscosity, k, the vertical profile o f the subtidal along-channel velocity without wind 
effects, is expressed as:
u = C ( |  ■- 1 C !) + UE(1 -  K 2 -  K ‘ ), (1.2)
where C is the vertical mean velocity and is always assumed to be riverine flux, UE is the
velocity scaling o f the density-driven exchange flow, and C, = z/h  is the normalized water 
depth. It shows a typical two-layer pattern o f circulation in estuaries (we hereafter refer to 
this as HR65).
Although the classical theory o f  estuarine circulation that is attributed to the 
density-driven exchange flow works well for many estuaries, recent studies have found 
that this concept o f linear momentum balance may be not valid in some estuaries, where 
terms neglected may have the same order o f magnitude as do the leading terms. This even 
leads to some studies challenging the classical fundamental mechanism o f  the estuarine 
circulation (Simpson et al. 1990; Jay and Smith 1990; Geyer et al. 2000; Scully et al. 
2009). Tidal straining, a process o f tidal asymmetry in stratification (Simpson et a l l 990; 
Jay and Smith 1990), is able to generate a similar pattern as the density-driven circulation 
(Jay and Musiak 1996; Stacey et al. 2001; Scully and Friedrichs 2007; Burchard et al. 
2011; Cheng et al. 2011). This effect is thought to at least modify the structure and 
magnitude o f estuarine circulation even if  it is not the essential mechanism (MacCready 
and Geyer 2010). Another non-negligible term is the lateral advection due to the tidal 
asymmetry in lateral circulation, which is mainly a result o f the complex variation in 
bathymetry (Fischer 1972; Friedrichs and Hamrick 1996; Valle-Levinson et al. 2000) and 
the differential advection (Smith 1976; Lerczak and Geyer 2004; Cheng and Valle-
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Levinson 2009), and can be enhanced by the Coriolis force even in a narrow estuary 
(Huijts et al. 2006, 2009; Scully et al. 2009). In addition, the lateral tidal straining may 
also significantly change the along-channel straining due to the lateral advection o f salt 
and momentum (Lacy et al. 2003; Burchard and Schuttelaars 2012). Recently, Scully and 
Geyer (2012) demonstrated that the effect o f lateral advection could even favor a 
stratification phenomenon against the traditional model by allowing an increase o f 
stratification in flood and a decrease in ebb for the Hudson River. We will refer the 
processes related to lateral advection and Coriolis forcing as lateral processes hereafter.
This challenge leads to a question asking about the fundamental mechanism o f 
estuarine circulation: is it driven by baroclinic forcing as the classical theory suggests, or 
induced by tides, or by lateral processes?
With respect to the analytical solution HR65, it is found that the application o f 
HR65 in predicting the residual circulation has a remarkable skill after comparing 
observations and model results in various estuaries (MacCready and Geyer 2010), even 
without including tidal, lateral, and Ekman rectification. Moreover, it was found that 
some complex processes can be incorporated into HR65 with simple modifications. 
M acCready (2004) modified HR65 by introducing an effective eddy viscosity K  instead 
o f  the tidally-averaged eddy viscosity k  to account for the effect o f  tidal straining. Geyer 
et al. (2000) proposed a new simple model based on their measurements in the Hudson 
River, which suggests that the estuarine circulation only relies upon the bottom friction. 
This new linear model was further examined against a numerical model simulation and 
thought to predict well and even better than HR65 (Scully et al. 2009).
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It is really surprising to see that these parameterized models can capture so well 
the features o f estuarine circulation. Hence, questions arise naturally: Is this predictive 
skill a coincidence that only pertains to some estuaries? If so, what is the underlying 
mechanism? Scully et al. (2009) attempted to answer these questions through the 
decomposition o f  the momentum equation o f numerical model results o f the Hudson 
River. They found that the advection term was nearly balanced by the interfacial stress, 
which resulted in a balance o f the other two linear remaining terms —  the pressure 
gradient and the bottom stress. This explanation still needs to be verified with more work, 
especially theoretical analysis.
However, for these challenges o f the classical theory, HR65 fails to provide a 
satisfactory answer for some estuaries. Some studies demonstrated an extent o f 
disagreement between HR65 predictions and observations, which infers that the 
rectification o f those nonlinear processes cannot be neglected. Trowbrige et al. (1999) 
showed significant discrepancies in the estimation o f bottom stress between the direct 
measurement, and the one calculated from the classical theory in spring tide. Scully et al. 
(2009) found that HR65 overestimates or underestimates the strength o f circulation in the 
Hudson River. In addition, another apparent weakness o f HR65 is that it cannot describe 
the pattern o f three-layer circulation, which was found in some reverse estuaries though 
both are driven by the horizontal density gradients (Hansen and Festa 1974; Chao et al. 
1996; Hong et al. 2010). As this three-layer circulation is also driven by the horizontal 
density gradients, it is desirable to find a unified analytical solution, which is capable o f 
modeling both two-layer and three-layer circulation.
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1.2 Objectives
The objectives of this study are:
1) To explain why the simple model has a good skill to predict the observations 
without including the effects of the tidal asymmetry, advections, and Ekman 
rectifications;
2) To provide a general solution o f the estuarine circulation applicable to any 
location in an estuary;
3) To analyze the possible patterns and the underlying mechanism of estuarine 
circulation.
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CHAPTER II. Theory and the general solution
2.1 Introduction
As the classical theory and the analytical solution HR65 have been challenged, it 
is meaningful to find new analytical solutions that attempt to include all the contributions 
o f  tidal processes, lateral advection, and Coriolis rectification, and are also simple as well. 
There are many efforts on developing such solutions (e.g., Ianniello 1977; Huijts et al. 
2009; Burchard and Hetland 2010). However, those approaches are not as simple and 
straightforward as HR65 and require complex numerical calculations.
The purpose o f this chapter is to seek a general solution o f the along-channel 
velocity that includes these nonlinear processes without imposing assumptions o f 
vertically constant horizontal salinity gradient and eddy viscosity while maintaining the 
simplicity. The success o f  HR65 and comparison o f the classical theory and our solution 
are discussed. The application o f the general solution on analyzing the circulation 
patterns and mechanisms o f estuarine circulation will be discussed in Chapters III and IV.
2.2 Development of general solution
The general solution is derived based on perturbation analysis. Instead o f 
decomposing the governing equation, we express the along-channel velocity as a 
M aclaurin series and seek a general mathematical solution with boundary conditions that 
are satisfied in all estuaries. We further determine the physical meaning o f each term 
based on the governing equation. W ithout losing significance, the wind effect is not 
considered in the derivation.
2.2.1 Mathematic solution o f  along-channel velocity
In the coordinate system, the along-channel velocity u at any location can be 
expressed as:
u = aQ + ax£  + — a2£ 2 h—  + — a„gn (n  —> +co) (2 .1)
2  n\
or
„=i n\
(2 .2)
where a = d ^ u { 0 )1 3 ^ .
There are three conditions: no-slip boundary condition at the bottom, no stress 
boundary condition at the surface without wind, and the depth-averaged along-channel 
flow condition (M acCready 2004).
u(C  = - 1) = 0 (2.3)
! ^ r  = 0) = 0 (2.4)
J udC, -  i  J udz -  Ct (2.5)
where C  is the depth-averaged along-channel velocity. Substituting (2.2) into the three 
conditions results as follows:
a + Z A a- ( - 1) " = °  (2 -6 )n\
CL= 0 (2.7)
0 ~ n \
Combining Eqs. (2.6)(2.7)(2.8) gives:
a n = Z
n = 3
n — 2 1
2n + 2 n\
a. = 1
n -3
3n 1 
« + l «!
+ - C .
3C,
Substituting Eqs. (2.7)(2.9)(2.10) into (2.2), u can be written as:
(2 .8)
(2.9)
(2 .10)
u = C. --V |+Zv 2 2 s  J U n — 2 1 2n + 2 n\ «.(-i r n - 2 n — 2 (2 .11)
or:
u = C ,7 < + £ c „ F „ (2 .12)
r\-3
W here is a function o f as shown in Fig. 2-1 and can be written as:
F, = - - - Z 2i 2
f . = 1 — — c 2 + ( - \ y ? m 2 c ,  n ^ 3
(2.13)
is
n - 2  n - 2
It is easy to show that F 3 = 1 -  9<^2 -  8 ^ 3 and F4 = 1 -  6 ^  + 5<^ 4. A portion C( 
generated by the local external forces and the remaining portion results from the 
advection into estuaries from the head (riverine flow) and the mouth (residual tidal 
current). The local C is also redistributed, though not generated, across the channel by
lateral effects.
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It should be emphasized that this solution is based on general boundary conditions 
regardless o f  the variations o f stratification o f  an estuary. The along-channel velocity 
should obey this solution in all estuaries satisfying these boundary conditions.
After obtaining this infinite-components solution arising from mathematic 
derivation, the next step is to reduce its infinite order to a reasonably low order, and find 
the physical meaning with it based on the governing equations.
2.2.2 Parameterization o f  the momentum equation
The parameters o f the leading terms o f Eq. (2.12) can be determined based on the 
governing equations. The instantaneous x-direction momentum equation in an estuary is:
du du du du 1 dP d du+ u  b v  b w  fv  = ----------- 1-----k .—  (2.14)
dt dx dy dz p  dx d z \  d z )
The subscript t o f k( denotes instantaneous eddy viscosity and is used to distinguish it
from the tidally-averaged one, k. In the classical theory, the pressure gradient force is 
assumed to be balanced by the friction [Eq. (1.1)]. However, the acceleration and Coriolis 
force were found to be important in recent research efforts. In order to include their 
effects, we retain these terms and assume that they balance with a portion o f friction and 
write them into a similar form as that o f friction (we refer to this as acceleration terms 
hereafter):
du du du du . d
 Y U  b V  b W  TV = -----
dt dx dy dz dz
( i  \ d u (2.15)
Substituting Eq. (2.15) into the x-momentum equation gives:
(2.16)
where we introduced a plausible eddy-viscosity-like parameter cr denoting the combined
effects o f the friction and acceleration terms, which is a function o f space and time (x, y, z, 
t). Physical interpretation o f Eqs. (2.15) and (2.16) could be that a portion o f stress 
divergence is balanced by the pressure gradient, the remaining portion is balanced by 
other terms. We may name cr as the adjusted eddy viscosity. Obviously, as these terms
on the left-hand side (lhs) o f Eq. (2.15) are simply param eterized into cr For analytical
analysis, we cannot give an exact solution unless cr is known. However, we are able to
deal with many aspects o f estuarine circulation, such as patterns and mechanisms, 
without knowing its solution.
Note that we do not include the friction due to horizontal eddy viscosity nor 
accelerations from curvature, which are assumed to be small. Nevertheless, their effects 
could be merged into the parameter cr if  needed.
In the normalized depth (£) coordinates system, Eq. (2.16) can be written as:
If we set the origin o f the z-axis at the surface 77 (77 = 0), the pressure item can be 
divided into the barotropic component and the baroclinic component:
, 2(  1 8 P )  d (
h .  h-------
p  dx J d C {  d £ )
(2.17)
p  dx
1 dP (2.18)
1 2
where 77 is the sea surface (elevation anomaly), g  is the acceleration o f gravity, p  is the 
density o f water. The Boussinesq approximation was used for the barotropic term. For 
simplicity, we may denote the barotropic component and the baroclinic component by
where the subscript t denotes instantaneous parameters. Note that p  is always 
independent with depth but a  varies with depth unless dp/dx  is assumed to be a constant 
with depth and then a t = (g/p)(dp!dx) . Therefore, Eq. (2.18) could be written as:
2.2.3 Processes in subtidal scale
The mathematical derivation and parameterization o f the momentum equation 
given above are both instantaneous. As we focus on estuarine circulation, which is 
defined on the subtidal scale, the tidally-averaged along-channel velocity is needed. We 
set the origin o f the z-axis at the surface, which therefore varies with the water depth in 
time. With this definition o f  the origin, £  is fixed in the water column at any time, which 
has the benefit o f taking the tidal average in the ^-coordinates system (Kjerfve 1975; 
Dyer 1997). Tidally averaging the along-channel velocity solution (2.12) yields:
using two parameters a  ( £  t) and /? , and letting a  £ =  — \ C^-dC , and p  = - gdr/ldx ,
p Jo dx
(2.19)
and Eq. (2.17) turns out to be:
(2 .20)
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(«> = CFl + 2 > „ > f . .  (2.21)
77 = 3
where the triangular brackets denote tidal averages and C = (Ct ).
Tidally averaging the stress gives:
r , , d(u )
-  = K K X -± -L  (2.22)
P d i
where r  is the tidally-averaged shear stress, and the effective eddy viscosity K  ± k  (Dyer 
1997; M acCready 2004), but instead can be expressed as:
Thus, K  demonstrates the two tidal effects on estuarine circulation: tidal asymmetry in 
stratification and Stokes drift.
Following the method o f parameterization from the previous section, Eq. (2.22) 
can be transformed into:
a h 3£  + p h 2 +
8 (  8 {
= 0 (2.24)
where h = (h t ), a  = (a t h^)/h3 and p  = ((3t h t) /h 2, and similar to the definition o f K, a  here 
is not (o t ) but is the “effective” adjusted eddy viscosity.
As the following discussions are all in subtidal scale, we use u instead o f (u) 
below to represent the tidally-averaged along-channel velocity.
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2.2.4 Physical interpolation
The solution o f Eq. (2.21) is an infinite series. For analysis purposes, we will 
examine the physical meaning for the leading terms. The presumption is that the terms o f 
low orders in perturbation series (2.21) always resemble the high portion o f the along- 
channel velocity and circulation in most estuaries can be well simulated by these low- 
order terms. W ithout losing significance, we seek a solution o f velocity to the 4th-order o f
After applying the three boundary conditions (2.3) to (2.5) on the subtidal scale, Eq. (2.25) 
can be written as:
accuracy:
(2.25)
u = CFX + AF3 + BF4. (2.26)
Where A = (C3) and B = (C4). This general solution has the following formula:
(2.27)
Thus, taking the first and second derivatives o f u with respect to C, gives:
-£ :  = C ( - K )  + A ( - \ 8 C - 2 4 £ 7) + B ( - \ 2 £  + 2 0 ^ )
(2.28)
Based on the governing Eq. (2.24), we can derive two equations to solve u :
P h2 + < J ^  = 0, a t ^  = 0 (2.29)
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r° o t d (  du ^
f a h 2£  + p h 2+ —  a —  d £ = \  0d £  (2.30)J-i d£)  b J-i b
The principle to solve these two equations [Eqs. (2.29) and (2.30)] is to include 
external forces and avoid evaluating term d d d £  Eq. (2.29) requires crQ ^  0 unless
P  = 0 synchronously; vice versa. The following derivation assumes an existence o f
barotropic force, i.e., p  #  0 and hence cr0 ^  0. The case that /?=  <r0 = 0 will be discussed
in Section 2.4.1.
Substituting Eq. (2.28) into Eqs. (2.29) and (2.30) gives:
6A + 4B + C =
3cr0
0 (2.31)
Bh2
6,4 + 8 P - 3 C  = - ( P r +1)-^——
where cr0 and a b are the effective adjusted eddy viscosity at the surface and at the bottom, 
respectively. P represents the ratio o f  the depth-integrated baroclinic pressure gradient 
force to the depth-integrated barotropic pressure gradient force in the estuary,
\ \ a:d2 h =
- ■ > * '  j >  r  ^  •
Especially, P  = ~ah/(2p) when a: is a constant. Eq. (2.31) needs a non-zero crb and 
hence a non-zero Pr + 1, i.e., the depth-integrated pressure gradient should not be zero. 
The case that P + 1 = 0  will be discussed in Section 2.4.1.
r
Solving Eq. (2.31), we obtain:
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Therefore, the general solution o f residual velocity for estuarine circulation can be 
expressed as
u -  C
2 2
+
P h 2 ( i + % 
9 6cro V
- - C
6
( l - 9 f 2 -84"3)
+ P h 2 f  1 ^  —  + — + C
^0 v 12 4 J
(2.34)
( l - 6 f 2 + 5 f 4).
where a non-dimensional parameter % is introduced to reduce the variables, and
Z = ( P r + 1)
Cr
C l
(2.35)
Eq. (2.33) shows that the depth-averaged velocity C has an indirect effect on estuarine 
circulation by influencing both A and B. To combine the effects o f C together, the 
solution (2.34) can be reordered to:
= uc + ur = \ c { \  + A ^  + X i ) + — X ( x , Q .
Cn
(2.36)
W here uc is the component o f velocity related to vertical mean velocity C, ur is the 
remaining velocity, which will hereafter be referred to as residual velocity for exchange
This solution will be referred to as GS hereafter. We prefer to use this solution (2.36) 
rather than solution (2.34) as the velocity can be decomposed into two independent parts 
with and without the effect o f C. After removing uc from u, Eq. (2.37) demonstrates that 
the structure o f  ur is determined by the parameter which is shown in Fig. 2-2. It is 
worthwhile to note that the profile includes both two-layer and three-layer circulation 
patterns. For example, ur shows a three-layer structure at % = 1/6, and the possible 
patterns indicated by GS will be discussed in detail in Chapter III.
The scaling o f ur at the surface is:
2.3 A numerical case
An idealized model is conducted to provide a data set for validating GS. The 
EFDC (environmental fluid dynamics code; Flamrick 1992) model is used to simulate an 
idealized estuary channel. EFDC is three-dimensional, hydrostatic, and free surface, and 
uses sigma vertical coordinates and curvilinear horizontal coordinates. The model domain 
is a straight estuary with a north-south along-channel direction, 160 km long and 2.2 km 
wide. The largest portion o f the domain o f this estuary (40 km to 160 km from the mouth) 
has a parabolic bottom profile with 2 m at the shoal and 6 m in the deepest channel; also, 
depths linearly increase toward the mouth and have a similar profile, but with 4 m at the 
shoal and 12 m in the deepest channel at the mouth (Fig. 2-3a). Its configuration has 400 
x 11 x 80 grid cells in x-, y-, z-directions. Within 40 km from the mouth, the grid spacing 
is 200 m in the along-channel direction. Within the area 40 to 80 km from the mouth, the
(2.38)
along-channel grid spacing is 400 m; and the remaining portion o f the estuary has an 800- 
m resolution in the along-channel grid spacing. For the across-channel direction, the grid 
resolution is 200 m.
The model is only forced by the M 2 tidal constitutents (amplitude 0.36 m) along 
the southern boundary and a constant freshwater riverine flux (220 m 3 s_I) along the 
northern boundary. Temperature is fixed to be 20 °C throughout the domain. Salinity is 
set to be constant values with 18 psu at the surface and 23 psu at the bottom at the open 
boundary and zero at the river end. For this special case, we use a constant eddy viscosity 
o f k{ = 1.00 x 10“4m2 s_1 and the roughness length is 0.003 m. The Coriolis frequency is
set to be constant at 8.774* 10~5 rad/s.
Four locations in the estuary are selected (Fig. 2-3) for comparison: Locations 1 
and 2 are in the water columns o f the same cross-section in the central regime (11.7 km 
from the mouth), 1 is at the deep channel and 2 is at the shoal; Locations 3 and 4 are in 
the water columns o f the same cross-section in the upstream (39.3 km from the mouth), 3 
is at the deep channel and 4 is at the shoal. The residual velocity profiles are plotted in 
Fig. 2-4 and the corresponding hydrodynamic conditions and parameters are summarized 
in Table 2-1.
2.4 The non-dimensional parameter x
The parameter x  the key parameter in determining the structure o f estuarine 
circulation; therefore it is worthwhile to discuss its properties and the methods to 
calculate it.
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2.4.1 Properties o f  %
Eq. (2.35) demonstrates that x  could be obtained from the external forces and cr. 
Alternately, % can be derived from Eq. (2.29) and the following bottom boundary 
condition:
„ , - i &
P K , h T J
SC
(2.39)
where r  is the tidally-averaged bottom stress and K  is the effective eddy viscosity at the
bottom, x  can be expressed as:
X h lL E L o/3h K h
(2.40)
Note that <j q can be expressed by velocity shear [Eq. (2.29)], x  *s actually the 
ratio o f velocity shear at the bottom to the second derivative o f velocity at the surface in 
the coordinate system (d u c / d at the bottom and $ u d d £  at the surface both equal 
zero):
X =
du
a r
d2u
c=o j
dur d 2ur
a ?
(2.41)
C=o J
Eqs. (2.40) and (2.41) suggest the existence o f x  and GS under the conditions that 
Pr + 1 = 0 (i.e., duldtf = 0) or = crQ = 0.
2.4.2 Calculation o f  x
Using numerical model results or in-situ measurements, x  can be computed based 
on Eqs. (2.35), (2.40) or (2.41). However, the value o f  x  may not be easy to evaluate due
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to the difficulty to obtain accurate values o f some parameters, such as cr, or d2uldd^. An 
alternative equivalent expression o f % can be obtained by the algebraic manipulation o f 
Eqs. (2.29), (2.38), and (2.41):
d2ur ( *„dur  ^
with — -  = -3 + 12 -
v
1 1 (2.42)
Z  = E + i  i u J 8^
On the other hand, the easiest way to compute x  *s to use the best fit for the 
residual velocity profile measured. By extracting uc from the solution (2.36), GS 
indicates that ur is only a function o f %. Therefore, after fitting ur to the data, the 
coefficients A and B  can be determined (C = 0 in A and B) based on Eqs. (2.26) and
(2.27), and x  can be obtained as:
3 A + 4 B
z  = - n -  (2.43)
9A + 6B
With the use o f the best-fit method, the velocity profile can be obtained. If the low 
order o f the velocity profile (not to exceed the 4th order) is a good approximation o f the 
true velocity profile, the fitted x  value should have the same accuracy as the analytical 
solution o f Eq. (2.42). However, when high-order terms (exceeding the 4th order) are 
needed to fit the velocity profile, different x  values obtained from these two methods can 
be expected.
For the idealized case, x  at Locations 1 to 4 can be calculated based on theoretical
expressions o f Eq. (2.42), which equal —0.3760, 0.0067, -0 .8537, and -12.9407,
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respectively. Using the best-fitting method in Eq. (2.43), % equal -0 .3779, -0.0022, 
-0 .8670, and -1 .1295, respectively (Table 2-2). A comparison o f numerical modeled 
results o f residual velocity and profiles modeled by the generation solution are shown in 
Fig. 2-5. It can be seen that numerically modeled profiles agree well with GS at 
Locations 1 to 3. A large deviation can be observed between numerically modeled results 
and GS using different approaches to compute % at Location 4. It indicates that a higher 
order o f approximation is needed in order to have a better approximation o f velocity 
profile, which will be further discussed in Section 2.5.3. Note that when a higher order is
needed, Eq. (2.42) gives a deviation o f d2u ld £  at C, = 0 to the real one, and therefore % 
from Eqs. (2.35), (2.40) or (2.41) will neither equal nor even be close to Eq. (2.42) any 
more, e.g., at Location 4 (Tables 1-1 and 1-2).
2.5 Comparison with HR65
For simplicity, we assume depth-averaged, along-channel velocity C is zero in the 
discussions in Sections 2.5.1, 2.5.2, and 2.5.3 and we focus on the comparison o f 
exchange flow between GS and HR65. A comparison with non-zero C will be discussed 
in Section 2.5.4.
2.5.1 HR65 — a particular solution o f  estuarine circulation
It is apparent that HR65 (1.2) is a 3rd-order approximation o f the solution (2.12) 
(only has terms F { and F f  and it is a particular solution o f  GS under the assumptions o f
HR65.
Rewriting GS (2.34) similar to HR65 gives:
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u = C
2 2
p h 2 ( \  x \ + l c
o V 36 12
+ p h 2 f  1 x ^—  + — + C
cr0 U 2  4 )
(2.44)
( 3 f 2 + 8 ^ 3 +54"4).
The third term in Eq. (2.44) is the deviation from the HR65.
According to these assumptions o f HR65, the horizontal baroclinic pressure 
gradient a  and eddy viscosity are constant with depth, cr0 and a b equal to the constant
tidally-averaged eddy viscosity kc (note that it equals the constant effective eddy 
viscosity K  as tidal and lateral effects are assumed to be removed), and the relationship 
between ft, a , h and kc is p  -  3ah/S  + 3 k C !h 2 (Officer 1976). Therefore, Pr = -4 /3  and
X  = -1 /3  [see Eq. (2.32) and (2.35) and assumptions C =0]. Substituting x  = “ 1/3 into Eq. 
(2.44), it has the same structure as HR65. The strength o f the exchange flow can be 
compared based on the scaling. Scaling o f  HR65 is the surface velocity:
j j  HR 65 _ a h 3 
48A~
(2.45)
Similarly, the scaling o f GS (2.44) is Eq. (2.38):
v general _  J J ^  — 1 1 
v36 \ 2 X
p h ‘
Using the assumptions and substituting x ~  into Eq. (2.46) gives:
(2.46)
a h sgeneral __
E 4XA
HR65 (2.47)
Thus, GS has the same structure and magnitude as HR65.
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2.5.2 Structure difference between GS and HR65
From the previous Section 2.5.1, we can infer that % may be closer to -1 /3  in 
those estuaries where subtidal along-channel velocity profiles could be well modeled by 
HR65. For example, the profile at Location 1 o f the idealized case has a value o f % ~ 
-1 /3  (Fig. 2-6a). The velocity profile modeled by HR65 and by GS agrees well with 
numerical model results. In reality, % could deviate from -1 /3  in an estuary, and this 
structure discrepancy is one o f the reasons why HR65 might underestimate or 
overestimate the strength o f the estuarine circulation. Nevertheless, HR65 has been 
widely and successfully used in many estuaries. Therefore, it is worthwhile to estimate 
the difference between GS and HR65. Note that GS is a 4th-order approximation. The 
deviation from the real velocity profile can be expected, but the deviation is expected to 
be smaller than HR65.
The deviations o f HR65 from true profiles are caused by both the model structure 
(only includes terms i^ a n d  F f)  and by the scaling magnitudes o f C and U£. We first
analyze the deviation associated with the structure o f estuary circulation o f HR65 and 
assume that there is no error associated with scaling magnitudes o f the profile (i.e., no 
deviation at the surface). The deviation o f circulation due to structure difference can be 
evaluated by the difference o f the third term from the second term in solution (2.44).
The deviation is a function o f depth and can be quantified as the ratio o f  the
difference at each depth to U f neral o f Eq. (2.46). The maximum deviation locates at the
1 /2depth g  = - (6  + 6 )/10 and equals to the absolute value o f [0.41(3%+ \ ) l ( f x ~  1)]. It was
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found that % should approximately be between -0 .55  and -0 .2 0  if  the maximum 
deviation o f the profile is below 0.1 (Fig. 2-7).
In some studies (e.g., Scully et al. 2009), the strength o f estuarine circulation was 
quantified as the integral velocity o f the upper (or lower) layer. The deviation may be 
quantified as the ratio o f the integral o f positive velocity to the integral o f positive 
velocity o f the second term in Eq. (2.44), which approximately equals the absolute value 
o f [2 (3 ^+  7)]. Using the same deviation criterion (i.e., below 0.1), it was found
that the range o f % is between -0 .53  and -0 .19 , which is nearly the same as the range 
evaluated based on the maximum deviation (Fig. 2-7).
In the idealized case, Fig. 2-6 demonstrates that GS always does better than HR65 
in modeling estuarine circulation; HR65 is only suitable for cross-average velocity while 
GS can be applied to any location. When % lies in the interval between -0 .53  and -0 .19 , 
HR65 is close to GS (e.g., Location 1). But a difference can be observed between the two 
models when % deviates away from the interval.
2.5.3 Difference o f  scaling magnitude
The magnitude o f classical estuarine circulation was derived based on the 
constant eddy viscosity kc and scaling constant Co (= 48). kc can be obtained based on
linear regression to fit HR65 to a measured residual velocity profile. However, the 
physical meaning o f kc is not clear. According to those assumptions o f HR65, kc in Eq.
(2.45) should be considered as a characteristic value o f tidally-averaged eddy viscosity k, 
e.g., may be considered as the depth-averaged tidally-averaged eddy viscosity kd. But in
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reality, kc does not always equal kd. Recent studies (MacCready 2004; MacCready and
Geyer 2010; Stacey et al. 2010) suggested to use effective eddy viscosity to incorporate 
the effects o f  tidal asymmetry in mixing and Stokes drift. Therefore, kc can be scaled by
the effective eddy viscosity (e.g., K b). A coefficient y ] can be used to represent the 
scaling o f Kb and kd as Kb = y ]k(j. Additionally, as indicated by GS, kc may also be 
influenced by barotropic and lateral effects. If we assume that uf*"eral in Eq. (2.46) is 
equal to U™65, it can be calculated that the parameter kc in Eq. (2.45) actually does not 
always equal K  but
6Z - 2
3 /  P,Ph 
6 Z “ 2 h l P
where y2 is the ratio o f the parameter kc to Kb, and it could also include the influences o f 
barotropic and lateral effects. Generally, y2 could also be larger, smaller, or equal to 1.
Eq. (2.48) shows that there should always be a gap between the real effective 
eddy viscosity and the fitted one from HR65, i.e., y /  1, except for some special 
conditions. This suggests that if  we take kd or K b as kc in Eq. (2.47), the calculated
strength will deviate from the observed strength, which may be referred to as magnitude 
deviation. For an example, Scully et al. (2009) found that if  the real cross-sectionally 
averaged eddy viscosity is still used, the value o f constant scaling in Eq. (2.45) may not 
equal 48. Lerczak and Geyer (2004) showed that the two-layer, tidally-averaged lateral 
advection momentum caused by tidal asymmetry in lateral flow would drive a force that 
enhances the estuarine circulation, particularly in a weakly stratified estuary. Consistently,
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they also found that kc needed to be smaller than kd in order to use HR65 scaling with a 
constant kc to model a stronger estuarine circulation, which indicates that their ratio y  is 
smaller than 1.
On the other hand, it may challenge the prevailing concept that the weaker mixing 
condition always leads to a stronger exchange flow, e.g., strong in the neap tides vs1, weak 
in the spring tides, or strong in stratified estuaries vs. weak in well-mixed estuaries. As 
always, j j f neral in Eqs. (2.46) and (2.48) indicates that not only do the stratification and
baroclinic force determine the strength o f estuarine circulation, but also other conditions 
like barotropic force and lateral effects may significantly contribute to it. This may lead 
to a probable situation (e.g., y  is much smaller than 1) that the exchange flow is strong 
even with weak stratification conditions. In the idealized case, with parameters in Tables 
1-1 and 1-2, y a t  Locations 1 to 4 equal 1.25, 1.12, 0.79, and -1 .14 , respectively (Table 2- 
3).
2.5.4 Deviation o f  HR65 with non-zero C
In Sections 2.5.1 to 2.5.3, comparisons are limited to estuarine circulation 
assuming a zero depth-averaged, along-channel velocity C. However, non-zero C has an 
additional contribution to the deviation o f HR65 from GS, especially when C is 
comparably large. As most locations o f estuaries having non-zero C, the deviation o f 
HR65 including C can be expected if  one tries to use HR65 to estimate velocity at 
individual locations. Note that the last two terms in solution (2.34) could be combined 
together by a function X and expressed as:
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where % is
X
3 C
z c = _  Ph / a ,
1 - 3C
(2.50)
Ph /cr0
Thus, with non-zero C, the structure difference from HR65 could be evaluated as that in
• • C C*Section 2.5.3, by simply replacing % by % . The deviation will be less than 0.1 when % 
is in the range between -0 .55  and -0 .20. Besides the structure, the magnitude o f estuarine 
circulation is also modified by C. Using the HR65 scaling, k  becomes:
k.. —
12C
P h 2/cr0
\
PrPh
6^ - 2 - 12C
Ph <t0
P
K h -  Y \ K h = y cka (2.51)
In the idealized case, x  these four locations are calculated to be -0.3501, 
-0 .3307, -0 .9253, and 0.7100, respectively (Table 2-3), which indicates that the 
additional contribution to the deviation by non-zero C reinforces the ability o f HR65 on 
modeling at some locations (e.g., Locations 1 and 2), but poor performance can be 
observed at Locations 3 and 4 (Fig. 2-8). The corresponding y  values at Locations 1 to 4 
are 0.40, 0.20, 0.34, and 0.27, respectively. Compared to y  in Section 2.5.3, y  values are 
all below unity, indicating the significant influence o f C on the strength o f exchange flow.
2.6 Discussion
2.6.1 The properties o f  parameters a Q and crb.
We introduced the adjusted eddy viscosity cr to avoid solving a complicated 
nonlinear equation, a  is equivalent to K  if  the acceleration terms are negligible. For a 
subtidal scale, compared to the effective eddy viscosity K  used to denote an overall eddy 
viscosity influenced by the tidal effect, parameter cr also includes the rectification o f 
acceleration terms.
For the purpose o f analytical analysis, we are more interested in knowing the 
properties o f parameters cr0 and crh than the profile o f cr.
First, it is clear that crh ^  K b in any water column unless the depth-integrated 
acceleration terms are zero. But for the laterally averaged estuarine circulation, it is 
shown in Appendix that <rh ~ K h . The ratio o f these two parameters can be described by:
( 2 . M I
Ki tJ p
where {P + 1 )fth is the depth-integrated pressure gradient. Thus, it is expected that <7b is
close to Kb, or at least crb has the same sign as K b (<rb > 0) in the locations o f estuaries
where the depth-integrated acceleration terms are small, i.e., the depth-integrated pressure 
gradient is mainly balanced by the bottom stress (e.g. Locations 1 to 3, shown in Tables 
1-1 and 1-2). This should be the typical property o f <Jb in estuaries. However, it is also
possible that a b may have an opposite sign o f K b (crb < 0) at some locations where the
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magnitude o f  the depth-integrated acceleration terms is larger than that o f the depth- 
integrated pressure gradient (e.g., Location 4, shown in Tables 1-1 and 1-2). These 
“negative c r ” values may occur at a location with either a large depth-integrated
acceleration terms or a small depth-integrated pressure gradient (e.g., P + 1 ~ 0).
With respect to crQ, the acceleration terms near the surface in estuaries are not
guaranteed to be small compared to the pressure gradient or the stress divergence. So the 
analysis o f the momentum balance at the surface should not neglect the effects o f 
acceleration terms. Hence, crQ can differ from K Q and can be negative when acceleration
terms become significant (Table 2-2). It was found that a negative instantaneous <r/0
might appear due to advection during flood neap tide in the Hudson River by Geyer et al. 
(2000). Note that this negative sign was not in subtidal time scale and cannot by itself be 
explained by the effective eddy viscosity, KQ, whose sign may be negative for residual
time scale, as suggested by Stacey et al. (2010).
2.6.2 Application o f  GS in observation
GS can be applied for analysis on velocity profiles observed in the field at any 
locations in an estuary. For example, by analyzing the residual velocity profile measured 
by Geyer et al. (2000), two values o f the parameter -1 .0 0  and -0 .28 , were found to be 
associated with the residual velocity profiles during spring tides and neap tides, 
respectively (Fig. 2-9). The measured tidally-averaged pressure gradient both
_ 2  _  j _ 9   ]
approximately equaled -0 .9  x 10 Pa m at the surface and 3.1 x 10 Pa m at the 
bottom, respectively, during spring tides and neap tides (here the negative sign denotes
seaward, consistent with the notation used in their paper). The Hudson River is classified
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as a partially mixed estuary and, therefore, it may be reasonable to assume a depth- 
constant dp/dx. Thus, it is calculated that P  ~ -2 .2 . Hence, &J<7b is found to be 0.82
during spring tides and 0.23 during neap tides, which is consistent with the phenomenon 
that stronger stratification occurred during neap tides in the Hudson River.
2.6.3 Generality and limitation
The circulation model described by GS agrees well with the numerical results. 
The GS implicitly includes nonlinear terms, without pre-assumptions o f constant eddy 
viscosity and horizontal density gradient. Instead o f only applying to cross-sectional 
averaged velocity as HR65, GS applies to any location in an estuary.
GS used a 4th-order approximation. Certainly, by including more high-order terms, 
the solution will give a better approximation o f the along-channel velocity for estuarine 
circulation. However, for the purpose o f convenient analysis, a GS o f 4th-order accuracy 
is acceptable. Thus, high accuracy can be expected when the circulation can be 
approximated by the 4th-order approximation. However, high-order approximation is 
needed to achieve a perfect match o f  observations. For example, Fig. 2-10 shows that a 
better fit o f estuarine circulation needs to be at least 5th-order accuracy at Location 1, and 
at least 6th-order accuracy at Location 4. Therefore, GS simulates the velocity profile 
better at Location 1 than at Location 4, though both o f them resemble the majority o f 
circulations (Fig. 2-5).
One limitation o f this GS is that it cannot model well those estuarine circulations 
that need much higher than 4th-order accuracy. Another aspect is that it cannot describe
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the evolution o f along-channel velocity profile by providing an initial condition as it 
includes time information implicitly.
2.7 Summary and conclusions
In this chapter, a perturbation approach was introduced to develop a general 
solution o f along-channel velocity for estuarine circulation through the parameterization 
o f the x-momentum equation. Compared to HR65, it includes the effects o f important 
processes including tidal, lateral, and Ekman rectifications, which provides a model o f 
estuarine circulation. It is applicable in shallow estuaries regardless o f stratification status 
and tidal range. In addition, GS allows us to deal with estuarine circulation at any 
location o f an estuary without assumptions o f neither constant eddy viscosity profile nor 
constant horizontal baroclinic pressure gradient.
A key non-dimensional parameter % is introduced, which determines the structure 
o f estuarine circulation including both two-layer and three-layer structures. HR65, a 
particular case or the 3nd-order approximation o f GS, has a low deviation from GS when 
X  is between -0 .53  and -0 .20 , indicating that HR65 may work well and capture the main 
characteristics o f estuarine circulation in many estuaries. Furthermore, the scaling o f 
strength for estuarine circulation o f GS incorporating other processes differs from HR65 
scaling. This difference indicates that the scaling o f gravitational circulation o f HR65 
needs to be rescaled by a factor o f y i f  HR65 is to be used. The magnitude o f y  indicates 
that a stronger than normally expected estuarine circulation may exist based on HR65 
when neglected terms in the momentum equation have the same effect on circulation as 
leading terms.
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Table 2-1. Variables and parameters needed for calculating resulting from the idealized 
case at the four locations 1 to 4. All values are tidally averaged. Positive values denote a 
seaward direction, and negative values denote a landward direction. Although the eddy 
viscosity remains the same throughout the tidal cycle, the effective eddy viscosity does 
not equal the tidally-averaged eddy viscosity, which is due to the rectification o f Stokes 
drift as shown in Eq. (2.23). (c fu ld t^)  at f  = 0 is calculated using Eq. (2.42) for reducing 
numerical errors. For Location 4, the directly computed value (marked by *) is listed.
Locations 1 2 3 4
Depth-integrated momentum terms (m2 s 2), x 10~5
Barotropic force 6.28 2.94 -0 .6 9 -0 .66
Baroclinic force -8.81 -2 .37 -3 .05 -0.43
Pressure gradient forces -2 .53 0.57 -3 .74 -1 .09
Bottom stress -1 .95 0.26 -1 .12 1.46
Acceleration terms -0 .57 0.31 -2 .62 -2 .54
Properties o f residual velocity ( m s 1)
(du/dQ  a t £ = - l , x  KT1 -15.98 0.08 -8.41 1.10
(d2u/d t f )  at 4"= 0, x 10"' -42 .49 -12 .16 -9 .85
0.09
(-1.77*)
Surface velocity u, x 1 (T2 20.57 20.44 11.77 21.29
ur at the surface, x 10-2 25.12 3.31 9.74 -0 .94
uc at the surface, x 10-2 -4 .5 4 17.13 2.03 22.23
Other tidally-averaged variables and parameters
Water depth h (m) 8.54 3.85 6.04 2.73
Eddy viscosity k  (m2 s_l), x 1(T4 1.00 1.00 1.00 1.00
Effective eddy viscosity at the 
bottom Kb (m2 s_1), x KT4 1.04 12.34 0.80 3.61
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Table 2-2. The calculated parameters based on the data o f the idealized case. For 
Locations 1 to 3, % calculated using Eqs. (2.35)(2.40)(2.41) and by Eq. (2.42) 
respectively have little difference, and therefore only the results calculated using Eq. 
(2.42) are presented, cr was calculated using Eq. (2.29) and <Jb was calculated using Eq.
(2.30).
Locations 1 2 3 4
Pr -1 .40 -0 .80 4.45 0.64
or0 (m2 s -1) x 10“4 1.26 0.93 -0 .42 -1 .02
<Jb (m2 s -1) x 10"4 1.35 27.22 2.69 -2 .70
By Eqs. (2.35)(2.40) 
Calculated y  (2-41) -0 .3760 0.0067 -0 .8537
0.6202
By Eq. (2.42) -12.941
Fitted x  by Eq. (2.43) -0 .3779 -0.0022 -0 .8670 -1.1295
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Table 2-3. The calculated parameters that represent the difference o f HR65 and GS.
Locations 1 2 3 4
Y\ 1.19 0.09 0.98 -0 .32
7i 1.04 12.34 0.80 3.61
7 1.25 1.15 0.79 -1 .14
Calculated x °  by Eq. (2.50) -0.3501 -0 .3307 -0.9253 0.7100
7\C 0.38 0.02 0.43 0.07
II 1.04 12.34 0.80 3.61
7C 0.40 0.20 0.34 0.27
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Figure 2-1. The profiles o f  function Fn (The positive values indicate the seaward direction, 
which is defined as the opposite direction o f  the depth-integrated baroclinic force).
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Figure 2-2. The normalized along-channel velocity profiles o f  exchange flow ul(J3h /<tq)
w ith respect to param eter x  according to the general solution (1.38) (here C is set to be 
zero).
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Figure 2-3. a) Model domain and residual salinity field o f an ideal estuary (Dashed lines 
denote the 4 locations selected for model comparison. The full length o f the estuary is 
160 km): b) Locations 1 and 2 at 11.7 km from the mouth; c) Locations 3 and 4 at 39.3 
km from the mouth.
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Figure 2-4. The result o f  residual velocity profiles generated by the numerical model in 
this idealized estuary at Locations 1 to 4. a) and c): located in the channel; and b) and d): 
located along the shoal. The thicker solid lines denote the residual velocity u, and the 
thinner dashed lines denote the exchange flow ur (Positive sign o f velocity denotes 
downstream direction).
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Figure 2-5. Comparison o f the residual velocity profiles for exchange flow ur at the four 
locations between the numerical model results o f the idealized case (solid black lines) 
and the general solution with different method o f estimating /(d a s h e d  lines using 
Eq.(2.42), and solid gray lines are from best fit). At Locationsl to 4, the parameter /  
calculated by using Eq.(2.42) has the values -0 .3760, 0.0067, -0 .8537, and -12.9407, 
respectively, and its values calculated by using the best fit Eq. (2.43) are -0 .3779, 
-0 .0022, -0 .8670, and -1 .1295, respectively. Positive sign denotes downstream.
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Figure 2-6. Comparison o f model predictive skill o f the residual velocity profiles for 
exchange flow ur (solid black lines are numerical model simulation, dashed lines are 
HR65, and solid gray lines are GS). No deviation o f surface velocity was assumed for 
each model. The difference indicates the structure deviations, x  values at these four 
locations are -0 .3760, 0.0067, -0 .8537, and -12.9407, respectively. Positive sign denotes 
downstream direction.
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Figure 2-7. The difference between HR65 and GS. The solid line denotes the deviation 
when the accuracy o f whole velocity profile is considered; the dashed line denotes the 
deviation when the strength o f estuarine circulation is defined as the integral velocity o f 
the upper (or lower) layer; the dotted line is the deviation limit equal to 0.1. C is set to be 
zero.
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Figure 2-8. Comparison o f predictive skill on exchange flow (solid black lines are 
numerical model simulation) against HR65 (dashed lines) and GS (solid gray lines). Here 
exchange flow includes a portion contributed from velocity C, and it is the second term o f 
Eq. (1.2). The surface velocity at each water column is assumed to be no deviation, and
• • • C*therefore the differences indicate the structure deviations. % at these four locations 1 to 
4 are calculated to be -0 .3501, -0 .3307, -0 .9253, and 0.7100, respectively. Positive sign 
denotes downstream direction in this figure.
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Figure 2-9. The least squares fitting based on GS o f observational residual along-channel 
velocities (C = 0) during a) neap tides and b) spring tides in Hudson River from Geyer et 
al. (2000). Note that we have removed C term that appears in their paper. The parameter 
X  is -0 .28  during a) neap tides and -1 .0 0  during b) spring tides. The negative sign 
denotes the downstream direction in this figure.
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Figure 2-10. The orders needed for better simulation on the residual velocity profile, take 
profiles at Locations 1 and 4 as examples, a) at Locationl, 5th or higher orders o f 
approximation will give a satisfactory simulation, while the 4th-order approximation also 
simulates it well; b) at Location 2, 6th or higher orders o f approximation will give a 
satisfactory simulation, while the 4th-order approximation reasonably simulates it but not 
as well as at Location 1.
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CHAPTER III. Circulation patterns
3.1 Introduction
Hansen and Rattray (1965) established a classic velocity profile for estuarine 
circulation, which shows a pattern o f two-layer circulation with seaward flow in the 
upper layer and landward flow in the lower layer. It has been widely and successfully 
applied for investigations o f estuarine circulation. However, residual current from field 
measurements and the numerical model always shows a deviation from this classic 
velocity profile (e.g., Kjerfve 1979; Lerczak and Geyer 2004; Chen and Sanford 2009; 
Stacey et al. 2010; Geyer 2010). Although this disagreement is mainly due to the 
simplified assumptions o f the solution o f Hansen and Rattray (hereafter referred to as 
HR65), it is desirable to have a more general solution to describe these profiles.
There are multiple circulation patterns other than the classic two-layer circulation 
that have been observed in estuaries (e.g., Elliott 1978; Arcos and Wilson 1984), but 
HR65 is unable to predict these possible circulation patterns. The three-layer circulation, 
for example, was first examined by Hachey (1934) through the water tank experiments, 
which showed an outflow in the middle and two inflows at the surface and bottom. The 
following researchers have confirmed this kind o f circulation by using field observations 
and numerical models. Boicourt and Olson (1982) showed such a circulation pattern in 
reality, such as Baltimore Harbor. Hansen and Festa (1974) used both an analytical model 
and numerical simulations, which were further developed by Chao et al. (1996). 
Although this circulation pattern has been realized and investigated for decades, there is 
no general estuary circulation model that is able to describe both two-layer and three- 
layer circulations.
47
Recently, it has come to a consensus that tidal straining and lateral advection need 
to be considered as important processes affecting estuarine circulation (MacCready and 
Geyer 2010, M acCready and Banas 2011). However, owing to the difficulty o f solving 
nonlinear processes, there are few discussions on their contributions to velocity profiles 
and change o f patterns o f estuarine circulation.
The approach presented in Chapter II, which relates estuarine circulation to local 
forces and fluid properties such as pressure and eddy viscosity, provides a method to 
evaluate the possible velocity profiles and patterns o f estuarine circulation based on their 
hydrodynamic conditions.
The general solution presented in Chapter II has 4th-order accuracy. The reason to 
use 4th-order is because it could describe both two-layer and three-layer circulations that 
are observed in the field. Although including higher-order terms can improve the 
accuracy to fit the velocity profile, the underlying mechanism is unclear. If  only the 
accuracy o f fitting the velocity profile is a concern, including higher-order terms can 
improve the accuracy. Thus, it is meaningful to discuss the “higher-order” terms and their 
contribution to estuarine circulation, in particular, to answer questions such as “under 
which conditions can these terms not be neglected?” and “how large will the deviation o f 
the general solution be when these high-order terms are neglected?”
In this chapter, we will analyze the possible velocity profiles o f  estuarine 
circulation based on the general solution. The circulation profiles will be classified into 
several patterns and their corresponding hydrodynamic conditions will be determined. 
The influence o f tidal and lateral processes on the circulation patterns will be discussed.
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M odifications to the general solution due to the existence o f higher orders will be 
presented, accompanying with the discussion on the physical meaning o f these higher- 
order terms.
3.2 Methodology
3.2.1 The general solution
As the derivation presented in Chapter II, a perturbation method is introduced to 
obtain a solution for estuarine circulation. In the normalized depth (£ = z/h )  coordinates 
system with g=  1 at the bottom, the along-channel velocity o f  estuarine circulation for 
any given water column is:
In addition, C is the depth-averaged along-channel residual velocity at the location. After 
substituting the solution (3.1) into the parameterized x-direction momentum equation:
u = CFl + Y i c„F„,
where c, (3.1)
n - 2  n - 2
(3.2)
the general solution (referred GS hereafter) to 4th-order o f accuracy can be written as:
(3.3)
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Where we decompose u by uc (velocity related to depth-averaged velocity C) and ur 
(velocity directly related to external forces). An important dimensional parameter % is 
introduced as:
Apparently, the structure o f ur can be described by a X function that is a function o f £  
and %, and can be written as:
GS shows that the along-channel velocity profile is a function o f  C, h , a , /?, and cr. It can 
be used to analytically derivate possible patterns o f  estuarine circulation.
3.2.2 Numerical experiments
The EFDC (environmental fluid dynamics code; Hamrick 1992) model is used to 
conduct 2 numerical experiments in this chapter and the model results are used for 
comparison with the analytical solution. Experiment 1 is the idealized model presented in 
Chapter II (Fig. 2-3), and we will refer to these four cases as II , 12, 13, and 14; and 
Experiment 2 has a domain o f the upper Chesapeake Bay and its configuration has 107 x 
183 x 36 grid cells in x-, y-, z-directions (Figs. 3-1, 3-2). The Coriolis frequency is set to
be constant at 8.4x 10“5 rad/s. M ellor-Yamada level 2.5 turbulence closure scheme is
—6 2  ]used, and the roughness length is 0.002 m. The background viscosity is 1 x 10 m s . 
Experiment 2 is forced by the time series o f tidal amplitudes o f the year 1996 along the 
southern open boundary, and a salinity time series is also used along the southern open 
boundary. In addition, time series o f riverine fluxes from tributaries and lateral
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(3.5)
watersheds in the upper Bay o f the year 1996 are also used to provide freshwater, since 
1996 was a wet year and three-layer circulation was well developed. Circulations U l, U2, 
and U3 at three locations o f  the upper Bay (marked as stars in Fig. 3-1) and one cross- 
section (denoted by the red line in Fig. 3-1) are selected for detailed analysis. U l, U2, and 
U3 are located in the main channel o f Chester River, Chesapeake Bay, and Baltimore 
Harbor, respectively. Note that the seaward directions o f U l and U3 are toward 
Chesapeake Bay, whereas that o f U2 is toward the mouth o f Chesapeake Bay.
3.3 Circulation Patterns
In this section, the patterns o f estuarine circulation with negligible C will be 
considered first (therefore, u = ur), and it will be followed by the analysis on the patterns 
including the effects o f non-zero C.
th ^  •As GS only retains up to the 4 -order term (^  ) in the solution, only three extrema 
exist and one is at the surface ( f  = 0). Therefore, it can only describe circulations up to 
three layers.
3.3.1 Circulation Patterns with negligible C
Eq. (3.3) shows that % determines the structure o f estuarine circulation (Fig. 3-3),
2
and (3h / cr provides a metric o f the strength o f the circulation.
It can be found that the structure o f the circulation is a three-layer circulation only 
when x  satisfies the condition 0 < ^  < 1/3. Outside o f this interval, the structure o f 
estuarine circulation should be a two-layer circulation. Obviously, the structure o f two- 
layer circulations can be divided into two groups: when x  -  0, the maximum velocity in
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the upper layer appears at the surface; but when % > 1/3, the maximum velocity is located 
below the surface in the upper layer. For the velocity profiles with % higher than 1/3, the 
location o f maximum velocity approaches the surface with increasing %.
It should be emphasized that the three-layer structure may not be observed when 
X  closes to the two endpoints 0 or 1/3. Instead, the structure then approaches two-layer 
circulation.
2
Based on the scaling o f /3h / cr , the general estuarine circulations can be described
by 6 patterns referred to as I to VI and presented in Fig. 3-4. The 3 “norm al” patterns (Fig. 
3-4a, c, e) are the patterns with landward flow near the bottom. Conversely, the bottom 3 
“reverse” patterns have the opposite velocity direction compared to the 3 “normal” ones. 
The first 4 patterns (I to IV) belong to two-layer circulation (Fig. 3-4a, b, c, d), and the 
last two patterns (V and VI) are three-layer circulation (Fig. 3-4e, f). These 6 patterns are 
in one-to-one correspondence with 6 conditions listed in Table 3-1. For example, the 
exchange flow ur at Locations 1 to 4 o f the numerical Experiment 1 belongs to Patterns I, 
VI, I, and IV, respectively (Table 3-2).
Compared to the apparent different structure o f two-layer circulation and three- 
layer circulation, it is found that there is no large difference between Patterns I and III, or 
Patterns II and IV, among the 4 patterns o f two-layer circulations (Fig. 3-4). Therefore, 
Pattern I (or III), Pattern II (or IV), Pattern V, and Pattern VI are considered as 4 “distinct” 
patterns.
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3.3.2 Circulation Patterns with C
The patterns discussed above need to be modified when the effect o f C cannot be 
neglected. The general solution (3.3) separates uc and ur, which makes it possible to 
superimpose uc and ur to generate u if  the value o f C  can be determined.
The depth-averaged velocity C at any location in an estuary cannot be simply 
computed by Q/A, where Q is the riverine volume flux and A is the area o f the cross- 
section. In fact, the residual tidal current could be one important source o f C. Some 
previous studies assume the depth-averaged residual tidal current is negligible (e.g., 
Cheng et al. 2011), which is incorrect as long as the net subtidal transport o f tidal current 
is not zero. In addition, C is not laterally homogenous and affected by local external 
forcing, circulation, and bathymetry. The lateral variations o f C o f the two cross-sections 
in Experiments 1 and 2 are presented in Fig. 3-5. The distribution is consistent with 
previous observations (e.g., Valle-Levinson et al. 2000).
When the effect o f C is dominant, the first term in the general solution (3.3) 
represents the main portion o f the estuarine circulation, and the pattern o f estuarine 
circulation is a total outflow in the water column (seaward current throughout the water 
column) or inflow (landward current throughout the water column). Examples can be 
observed at Locations 2 and 4 in Experiment 1 (Fig. 2-4). But in the cases that C  is just 
comparable to the exchange flow, it is difficult to estimate the exact vertical profile and 
pattern o f estuarine circulation unless each parameter value o f GS is known. Nevertheless, 
existence o f non-zero C can result in reducing the number o f layers o f estuarine 
circulation when its magnitude is large. For example, Fig. 3-6 and Fig. 3-7 show that ur
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exhibits a three-layer structure but u only has two layers at some locations along the 
shoals, as the magnitude o f uc is much larger than that o f ur.
As ur becomes larger in magnitude (positive proportional to water depth), 
whereas uc may be smaller in the deeper water (C = U/h), the effect o f non-zero C  may 
be more apparent at the shoals than at the deep channel (Fig. 3-5). Thus, estuarine 
circulation may exhibits a significantly transverse shear other than the vertical shear with 
a relatively large C, and even inflows occur in the deep channel but outflows occur over 
the shoals.
3.4 Hydrodynamic condition for each pattern
It has been shown that the patterns o f estuarine circulation with zero C (ur) is
2
determined by the combinations o f two parameters % and (3h /crQ (Table 3-1). It can be
used as a criterion to determine the pattern by evaluating the two parameters instead o f 
measuring the vertical profile o f along-channel velocity. However, we want to know the 
specific hydrodynamic conditions (barotropic forcing /?, baroclinic forcing az, and 
adjusted eddy viscosity o) to determine the patterns o f an estuarine circulation. It is more
meaningful to examine the specific dynamics condition instead o f calculating the exact
2
values o f % and (3h /<j q. In this section, we provide a criterion to straightforwardly
determine the pattern o f  circulation based on the signs (seaward > 0; landward < 0) o f 
these hydrodynamic conditions.
3.4.1 Conditions for two-layer circulation
For an estuary with the coordinate system defined such that landward flow is
negative and seaward flow is positive, we can easily evaluate the signs o f some
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parameters, i.e., a >  0 (baroclinic effect), h > 0; and <Jb is expected to have the same sign
o f kb and therefore <Jb > 0. So the pattern can be determined when the signs o f J3, crQ, and
(Pr + 1) are known. Note that (Pr + 1) is always larger than zero when f5 < 0. Therefore,
for two-layer circulations (the 4 patterns I, II, III, and IV), there are 6 possible 
combinations o f  the signs o f /?, <r0, and {P + 1) (Table 3-3).
It was found that 4 combinations (C l, C3, C5, and C6) are related to “normal” 
two-layer circulation patterns, whose typical feature can be written as:
P {P r + O < 0  (3.6)
Condition (3.6) indicates that the depth-integrated baroclinic forcing exceeds the depth- 
integrated barotropic forcing. It can be concluded that, when condition (3.6) is satisfied, 
the estuarine circulation is a “norm al” two-layer circulation with seaward flow in the 
upper layer and landward flow in the lower layer.
On the other hand, the other 2 combinations o f C2 and C4 are associated with 
“reverse” two-layer circulation patterns, which are not typically seen in estuaries. The 
condition to form this “reverse” kind o f pattern is more constrained by:
/? > 0 and /^ +1 > 0 (3.7)
So it is easy to evaluate whether the estuarine circulation is “norm al” or “reverse” based 
on the conditions (3.6) and (3.7) when it exhibits a two-layer structure.
In Experiment 1, the exchange flows ur o f Cases II and 13 (Fig. 2-4) have 
hydrodynamic conditions C l and C5 (Table 3-3) respectively, but both o f their patterns
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belongs to Pattern I; In Experiment 2, both cases U l and U2 exhibit exchange flows ur o f 
Pattern I, which is consistent with their hydrodynamic conditions C l, shown in Table 3-2 
and Fig. 3-8.
3.4.2 Conditions fo r  three-layer circulation
Compared to two-layer circulation, three-layer circulation is relatively unique, and 
rarely observed in reality, and the analysis for this phenomenon has also been shown in 
the first two paragraphs o f this section. C7, C8, and C9 are three possible combinations 
(Table 3-4), and three-layer circulation has two patterns: “normal” Pattern V and “reverse” 
Pattern VI (Fig. 3-4e, f). The condition becomes:
"Normal": f i ( P  + l ) < 0
w  ; (3.8)
"Reverse": f  > 0 and Pr + 1 > 0
Therefore, condition (3.8) for three-layer circulation is the same as conditions (3.6) and
(3.7) for two-layer circulation in determining the “normal” or “reverse” patterns o f an 
estuarine circulation.
In Experiment 1 and 2, the three-layer exchange flows can be observed for the 
Cases o f 12 (Fig. 2-4, location 2) and U3, which have Patterns VI and V, respectively. 
The patterns are consistent with their hydrodynamic conditions C9 and C8, shown in 
Table 3-2 and Figs. 1-4 and 2-8.
3.5 Contribution from higher than 4th-order terms
So far, all patterns that could be determined by GS are described, and the relation 
o f their corresponding velocity profiles to local hydrodynamic conditions is presented.
However, after having a vertical profile o f estuarine circulation from field measurement
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or numerical model, it would not always be modeled by GS as it is only accurate to the
fourth order. The need o f higher-order approximation o f the velocity profile can be 
explained as follows. Directly solving the governing equation (3.2) gives:
Apparently, the high order needed to simulate estuarine circulation is determined by the 
maximum order o f two terms in the rhs o f Eq. (3.9),
where p  and q are the order o f  the first term and second term, respectively, in the rhs o f 
Eq. (3.9). It is found that
Thus, the need o f high-order terms to simulate estuarine circulation is significantly 
related to the vertical variation o f baroclinic force and the parameter cr. For example, if  a  
and cr are assumed to be vertically constant, then p  = 3 and q = 2, and therefore 0(u )  = 3, 
which corresponds to the solution o f HR65. But in reality, the orders p  and q cannot 
readily be determined due to the complex nature o f dynamics. Nevertheless, by 
permitting a small error criterion (e.g., within 1%), a suitable p  and q can be found to 
have a good approximation to the velocity profile.
u = - h3 f  1
J - l  ( J  J - l  f j
(3.9)
O(w) = ma x ( p ,q ) , (3.10)
q = 1 j + 2.
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With respect to GS, it works well when 0 (u ) < 4. A 5th-order term is needed to 
account for the error when 0(u ) > 4 if  one wants to use to model to fit the velocity profile. 
Appendix C gives a solution to 5th-order accuracy, which can be written as:
u = uGS + U ,( 1 + 4 0 ^ 3 + 75 £ 4 + 3 6 £ 5) (3.11)
where uQS has the formula o f Eq. (3.3), and U  will be zero if  the estuarine circulation can 
be well-described by GS. U is controlled by the vertical variation o f baroclinic force and 
the parameter cr, and it could be calculated based on Eq. (D.7) in Appendix D.
While considering this deviation o f modeled profile and observations, some 
typical profiles that result from the existence o f large values o f U  are presented in Fig. 3-
9. The velocity profiles and patterns o f  these circulations do not follow the analysis given 
by GS when the deviation is large. An example is given in Fig. 3-10.
3.6 Discussion
3.6.1 Effects o f  tide and lateral processes on circulation patterns (negligible C)
W ithout considering the change o f water depth h before and after including the 
effects o f  tide and lateral processes, a , /?, and cr are the parameters influenced by the two 
processes.
Normally tidal and lateral processes do not reverse the direction o f  the salinity 
gradient (seaward) and, hence, do not alter the sign o f a ; therefore, Pr +1 does not switch
to the opposite sign simply due to the change o f the salinity field.
58
<jQ is a parameter affected by lateral processes and tidal asymmetry in mixing, and
it obviously affects the strength o f estuarine circulation as it appears in ph2/<rQ and it may
also affect the structure. For example, the combinations o f hydrodynamic conditions C l, 
C3, and C8 give three different patterns I, III, and V though all their depth-integrated 
barotropic forcing is seaward (indicates p >  0) but smaller than depth-integrated 
baroclinic forcing (indicates Pr + 1 < 0): when crQ > 0, estuarine circulation exhibits the
normal two-layer circulation Pattern I, but when crQ < 0, it alters two-layer circulation
Pattern III or three-layer circulation Pattern V. Thus, it is evident that lateral processes 
are not only able to influence the magnitude and detailed structure o f estuarine circulation, 
but also affect its pattern. For example, U3 o f Experiment 2 has a three-layer circulation 
(Fig. 3-8) under the hydrodynamic condition C8 (Tables 2-2) and we also notice that, if  
ojj > 0, the combination would alter the circulation to the typical Pattern I (condition C l)
and the circulation would exhibit a two-layer structure (Tables 2-3). Therefore, cr0 is the
key parameter on forming a three-layer circulation at this location, and it suggests that 
lateral processes contribute significantly to the formation o f  the three-layer structure o f 
estuarine circulation in Baltimore Harbor.
Barotropic force P  is controlled by riverine flow and tidal asymmetry. In general, 
P  is assumed to be positive resulting from the contribution o f river discharge, which is the 
only case in the classical theory. However, the residual barotropic force P  can vary and 
even be landward at some locations due to tidal asymmetry, e.g., in a seiche as the result 
o f special bathymetry and shape o f  the estuary (Li 2011). Another possible negative P
that is not caused by tides may be observed in tributaries. The river discharge differences
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in estuary and sub-estuaries tributaries may result in a higher water level at the mouth o f 
some tributaries, which leads to a negative p.
If  the combined effect o f riverine flow and tide gives a positive p , conditions (3.6),
(3.7), and (3.8) indicate that the circulation pattern is “normal” or “reverse”, dependent 
on Pr +1 (Tables 2-3 and 2-4). If  p  is negative, conditions (3.6) and (3.7) show that the
circulation always belongs to “norm al” Pattern I or III for two-layer circulation (Table 3- 
3), or to “normal” Pattern V for three-layer circulation (Table 3-4).
In an estuary where the residual barotropic force may be directed upstream, it may 
be interesting to find that estuarine circulation is Pattern I (Cl )  at the locations having a 
positive p , but switches to Pattern III (C6) at the locations with a negative, but small in 
magnitude, p. This kind o f p  results from the minor exceeding o f landward tidally- 
induced barotropic force to seaward river-induced barotropic force, and therefore a 
positive and large % is expected. Although Pattern III is a “norm al” pattern as is Pattern I, 
it exhibits a maximum seaward current below the surface, indicating the effect o f a 
landward barotropic force that tends to push water upstream near the surface. This effect 
will become more significant with a larger landward tidally-induced barotropic force 
becomes more significant, which corresponds to velocity profiles with decreasing % as p  
becomes more negative. Moreover, once the landward tidally-induced barotropic force 
becomes large enough to make % smaller than 1/3 at some locations, a three-layered 
estuarine circulation can occur with seaward current in the middle but landward currents 
near the surface and bottom (Pattern V, C l).
60
Previous studies have recognized that the existence o f tides may significantly alter 
the residual circulation, but they always associate with this modification to the tidal 
asymmetry in mixing (e.g., Stacey 2001). While these mixing asymmetries are one 
important mechanism o f tides on estuarine circulation, this study also suggests that the 
contribution from the change o f residual barotropic force, /?, should be considered.
3.6.2 Typical patterns vs. untypical patterns
Compared to two-layer circulation, a three-layer circulation is not typical. On one 
hand, it is due to the stricter condition o f three-layer circulation (0 < % < 1/3), and on the 
other hand, uc always is large as a result o f large p  and uc obscures ur under such 
hydrodynamic conditions.
In addition, the “reverse” patterns are not typical compared to the “normal” ones. 
In the 4 two-layer circulation patterns, according to condition (3.7), the condition o f 2 
“reverse” patterns C2 and C4 is highly difficult to satisfy in estuaries: needed is the 
magnitude o f the depth-integrated barotropic force through the water column to be higher 
than that o f the depth-integrated baroclinic force. This kind o f condition may be found in 
shallow regions, stratified estuaries, or those having a strong barotropic pressure gradient 
due to river flow or tidal asymmetry. However, the current uc may also be strong, as the 
barotropic force dominates the external forces, and the “reverse” patterns o f ur will be 
hidden.
Actually, among the 4 combinations leading to “normal” circulation patterns, we
found that C l and C3 are much easier to reach as the river flows always bring seaward
barotropic pressure gradients (p  > 0). Meanwhile, the baroclinic forces exceed the
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barotropic forces in the usually studied river, e.g., Hudson River (Geyer et al. 2000). 
Moreover, the conditions C5 and C6 with landward barotropic forces (/? < 0) still exhibit 
the “norm al” circulation patterns.
3.6.3 Effect o f  the deviation on pattern
Although the vertical velocity profile given by GS can be significantly influenced 
by truncation error, the pattern may be less modified. Figs. 3-11 and 3-12 show the 
residual velocity in the cross-section 11.7 km from the mouth o f Experiment 1 and in the 
cross-section o f Experiment 2, respectively. It could be found that the pattern indicated 
by GS was similar to the real one.
The 4th-order fit o f residual velocity could be expressed similar to GS,
u fi, = l c ( ]  + 4 £ i + 3£ 4) + f t x ( x JI„ a  (3-12)
3 0,0-0
where
%f>'=(pr +x) f d = i r x - ( 3 - 1 3 )
2 b 2
and 02 is the deviation coefficients resulting from the deviations o f d2u /d £  at the
surface and d u /d f  at the bottom, respectively, and they both equal one if  the residual 
velocity could be exactly resembled by a 4th-order approximation, and, in that case, =
uGS. It is easy to find that the pattern o f would be similar as uGS when 02 is above zero,
which is valid in most cases (except that one may exhibit two-layer structure while the 
other one exhibits three-layer structure in some cases when values o f % are positive). 
Thus, as long as Ujjt is close to the real velocity, the criteria based on hydrodynamic
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conditions to determine the pattern o f estuarine circulation may still hold, which needs 
further investigation.
3.7 Summary and conclusions
Estuarine circulation with negligible depth-integrated currents (exchange flow) 
could be classified into 4 distinct patterns: normal and reverse two-layer circulations, and 
normal and reverse three-layer circulations. The 2 distinct two-layer circulation patterns 
could be further divided into 4 patterns with different structures in the upper layer due to 
the combination effects o f nonlinear advection and Coriolis force. It was also explained 
why the three-layer circulation is rarely observed in reality, which appears only in a strict 
condition (0 < % < 1/3). Besides using param eter j ,  using conditions based on the signs 
o f external forces is an easier approach for identifying each pattern from among two- 
layer or three-layer circulation patterns.
With the non-zero vertical mean velocity C, the patterns o f estuarine circulation 
become more complicated. It is expected that two additional unique patterns can be 
observed as the flow over the water column moves upstream or downstream when C 
becomes dominant. However, it is not easy to decompose the pattern o f estuarine 
circulation from observations unless calculating the two parts uc and ur when the 
magnitudes o f them are comparable.
Although the hydrodynamic conditions in estuaries can vary significantly, it has 
been shown that the typical pattern exhibits the two-layer circulation similar to the classic 
pattern that always is detected in reality, with seaward flow in the upper layer and 
landward flow in the lower layer.
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Tides are able to change the pattern through the effect o f tidal straining on mixing 
and tidally-induced barotropic force. The lateral process, without considering its effect on 
the redistribution o f salinity and barotropic force, can also changes the pattern by 
affecting cr.
As GS has only 4th-order accuracy, a deviation unavoidably exists between GS 
and the real velocity o f estuarine circulation. The deviation can be evaluated when this 
error is comparably large. The magnitude o f the deviation (£/) is related to the variations
o f baroclinic force and cr. The criteria on predicting circulation pattern may not perform 
well when this deviation becomes large.
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Table 3-1. The mathematic condition required for each pattern.
/3h2/<j0 > 0 < 0 < 0 > 0 < 0 > 0
Tt < 0 > 0 < 0 > 0 < 0 > 0
X < 0 < o [1/3, oo] [1/3, oo] (0, 1/3) (0, 1/3)
I II III IV V VI
Patterns
T > T T > <
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Table 3-3. Different two-layer circulation patterns resulting from various physical
conditions
Combination Cl C2 C3 C4 C5 C6
P > 0 > 0 > 0 > 0 < 0 < 0
> 0 < 0 < 0 > 0 < 0 > 0
P  + 1r < 0 > 0 < 0 > 0 > 0 > 0
I II III IV I III
Patterns
< j >
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Table 3-4. Different three-layer circulation patterns resulting from various physical
conditions
Combination C7 C8 C9
P < 0 > 0 > 0
^0 > 0 < 0 > 0
P  + 1r > 0 < 0 > 0
V V VI
Patterns
> > <
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76*40*0"W 76’20’0-W
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U3
*
U2 U l
Cross section*
t ti'iajN -,.i. 
I *1*
Figure 3-1. Study site o f  Experiment 2, the upper Chesapeake Bay. Locations o f  U l, U2, 
and U3 are marked as red star, and the cross-section is denoted by the red line.
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Figure 3-2. M odel domain and grid for upper Chesapeake Bay
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X= 1/3 X = 0 x=
-0.2
-0.4
N
-0.6
-0.
0. 05-0. 1 -0. 05
Normalized along-channel velocity u/(ph2/<r0)
x = oX - 1 /3 X = 1/4 X = 1/6 X = 1/12
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-0.6
-0.8
0.005 0.01 0.015 0.02 0.025 0.03.02 -0.015 -0.01 -0.005
Norm alized along-channel velocity u/( Ph2/o (|)
Figure 3-3. Structures o f  exchange flow ur (estuarine circulation with negligible C), a) 
two-layer circulation; b) three-layer circulation.
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a) y=-1/2
-0.2
-0.4
N
v-f* -0.6
0
c) *=1/2 e) x=1/6
0 0
b) X=-1/2
-0.2
sC -0.4
N
^  -0.6
-0.8
0
d) x=1/2 f) x=1/6
VI
0
Exchange flow ur
Figure 3-4. Six possible patterns o f  exchange flow ur (seaward direction is to the right). 
Three values o f param eter x  (-1/2, 1/2, and 1/6) were used to provide the sketch o f  each 
pattern. Patterns I, II, III, IV are two-layer circulation and Patterns V and VI are three- 
layer circulation. The three patterns I, II, and III in the upper panels are defined as 
“norm al” patterns and the three patterns IV, V, and VI in the lower panels are defined as 
“reverse” patterns.
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Figure 3-5. The lateral variation o f  magnitudes (surface velocity) o f estuarine circulation 
u, components uc and ur. The left two panels are at the cross-section 11.7 km from the 
mouth in Experiment 1; and the right two panels are the cross-section in Experiment 2. 
Positive values indicate the seaward direction.
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Figure 3-6. Contours o f residual velocity for two sections in experiment 1: a) and b) at 
11.7 km from the mouth; c) and d) at 39.3 km from the mouth, a) and c) demonstrate the 
original velocity o f estuarine circulation, and b) and d) give the velocity o f  exchange flow 
ur. The gray-shaded velocities have the landward direction.
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Figure 3-8. Residual velocity at the three locations U l, U2, and U3 o f upper Chesapeake 
Bay in Experiment 2.
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Figure 3-9. Several velocity profiles o f  exchange flow indicated by 5th-order solution 
with large magnitude o f  U . a , b and c has patterns o f two-layer circulation, d  has a
pattern o f three-layer circulation, and e has a pattern o f  four-layer circulation. The x  ° f  
these five profiles are -0.06, -0.38, -6.97, -0.38, and -0.38, respectively; and the ratio U.
/UQS are -0.57, -0.84, -0.84, -1.06, and -0.96, respectively.
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Figure 3-10. The residual velocity profiles a) and b) at location 1 and c) and d) at location 
2 in the upper Bay. a) and c) show the direct fit o f  4th-order and 5th-order; b) and d) give 
the ability o f GS in resembling exchange flow and the difference to the real velocity.
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Figure 3-11. Contour o f  residual velocity and resembled velocities using different 
methods at the cross-section 11.7 km from the mouth in Experiment 1 (looking up- 
estuary): a) the exchange flow resulted from the model; b) simulation by GS; c) 4th-order 
fit; d) simulation by 5th-order solution. Gray shades represent landward flow.
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Figure 3-12. Contour o f residual velocity and resembled velocities using different 
methods at the cross-section o f the upper Bay in Experiment 2 (looking up-estuary): a) 
the exchange flow resulted from the model; b) simulation by GS; c) 4th-order fit; d) 
simulation by 5th-order solution. Gray shades represent landward flow.
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CHAPTER IV. Discussion on circulation induced by different processes and the
fundamental mechanisms
4.1 Introduction
Estuarine circulation was originally considered as gravitational circulation after 
the work o f Pritchard (1952, 1954, 1956), which is assumed to be driven by horizontal 
pressure gradients. Corresponding analytical solution was given by Hansen and Rattray 
(1965) and Chatwin (1976) that further emphasized the importance o f horizontal density 
gradients.
The contribution to estuarine circulation by local and remote effects o f winds has 
been investigated in early studies (W eisberg 1976; Elliot 1978; Wang 1979a, 1979b; 
Wong 1994) and in more recent studies (Wong and Valle-Levinson 2002; Scully et al. 
2005; Ralston et al. 2008; Chen and Sanford 2009; Li and Li 2011), and through field 
measurements and numerical modeling.
It was not until the last two decades that other processes that influence estuarine 
circulation, such as tidal straining and lateral advection, have been investigated. The 
effect o f tidal straining on stratification was initially highlighted by Simpson et al. (1990) 
and Jay and Smith (1990). They demonstrated that the different shear caused by the flood 
and ebb tidal flows (tidal asymmetry) through affecting the horizontal salinity gradient 
can result in a periodic stratification phenomenon: the stratification increases during the 
ebb tide and decreases during the flood tide. Jay (1991) showed that tidal asymmetry was 
more important, maybe even more fundamental, than the longitudinal salinity gradient in 
driving the estuarine circulation. The role o f tidal asymmetry has been highlighted and it 
has been further studied through observations and numerical models (Jay and Musiak 
1996; Burchard and Baumert 1998; Geyer et al. 2000; Stacey et al. 2001; Scully and
Friedrichs 2007; Burchard et al. 2011; Cheng et al. 2011). It was found that it can
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produce a similar residual velocity profile as gravitational circulation, which we will 
hereafter refer to as tide-induced circulation.
Another important process is the lateral advection. It redistributes the longitudinal 
momentum as the result o f complex variations in bathymetry (Fischer 1972; Li and 
O'Donnell 1997; Valle-Levinson et al. 2000) and the differential advection caused by the 
laterally different along-estuary velocities (Smith 1976; Nunes and Simpson 1985; Lacy 
et al. 2003). Lerczak and Geyer (2004) showed that estuarine circulation is significantly 
enhanced due to the existence o f the lateral process. Moreover, the lateral tidal straining 
may also significantly change the along-channel straining, due to the lateral advections o f 
salt and momentum (Lacy et al. 2003, Burchard and Schuttelaars 2012). In addition to the 
lateral process, Coriolis forcing also contributes to estuarine circulation, even in narrow 
estuaries (Lerczak and Geyer 2004; Huijts et al. 2006; Scully et al. 2009). In this thesis, 
the flow generated due to lateral advection (or nonlinear advection) and Coriolis forcing 
will be referred to laterally-induced circulation.
Gravitational circulation, wind-driven circulation, tide-induced circulation, and 
laterally-induced circulation are considered as four kinds o f circulation driven by 
different mechanisms. It is interesting to ask which one is the fundamental mechanism of 
the estuarine circulation.
To answer this question, comparison o f  components o f  estuarine circulation 
associated to each mechanism is an intuitive method. However, a question will arise as 
how to decompose estuarine circulation and quantify each contribution. It is also difficult 
to solve the momentum equation analytically, largely resulting from the difficulty in
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separating each component associated with a given mechanism from components 
associated with other mechanisms because they are correlated to each other. Nevertheless, 
different methods have been proposed by some studies to decompose estuarine 
circulation (e.g., Jay and Musiak 1996; Cheng and Valle-Levinson 2010; Burchard et al. 
2011). Contributions from each mechanism to estuarine circulation were quantified and 
compared in those studies. Both tide-induced circulation and laterally-induced circulation 
were calculated to be as large as, or even larger than, gravitational circulation. However, 
the complex analytical expressions for the velocity profiles o f these circulations can only 
be solved numerically, which limits its ability in understanding the underlying 
mechanism. For example, some studies suggested that tidal straining may enhance the 
exchange flow (e.g., Jay and Musiak 1996) but other related studies suggested that it may 
inhibit it (e.g., Cheng et al. 2010). The question as to whether the decomposition method 
proposed is adequate to distinguish each component is unanswered. Although studies 
show contributions o f three mechanisms to estuarine circulations vary in different 
estuaries, these studies are not able to identify possible estuarine circulation patterns 
associated with different processes and are not able to determine the fundamental process 
that dominates the estuarine circulations for different estuaries.
An alternative method is to investigate possible estuarine circulation patterns 
associated with different mechanisms, instead o f decomposing estuarine circulation and 
separating their contributions. Burchard and Baumert (1998) found that tidal straining is 
able to create a residual circulation without baroclinic forcing. Stacey et al. (2008) also 
obtained a similar result by using a one-dimensional model without baroclinic forcing
and advection terms. However, as these studies were conducted using a numerical model
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that requires specific initial conditions and boundary conditions, it is difficult to obtain
more general and conclusive conclusions.
The general solution derived in Chapter II makes the theoretical analysis on this 
question possible. The aim o f this chapter is to better understand the three mechanisms 
and to examine the fundamental one o f generating estuarine circulation. The pattern o f 
each circulation created by only one process will be analyzed, and the possible methods 
o f decomposition on estuarine circulation will be left for future study.
4.2 Circulation induced by each process
4.2.1 Decomposition o f  the general solution
The general solution derived in Chapter II is expressed as:
the tidally-averaged barotropic pressure gradient ( - gdrj/dx), cr0 is the surface adjusted 
eddy viscosity, and X i s  a function o f £  and % determining the structure o f exchange flow:
(4.1)
where C is the depth-averaged along-channel residual velocity at a given location, (5 is
(4.2)
where the non-dimensional parameter % could be expressed as:
(4.3)
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Where (P + 1) represents the ratio o f  the depth-integrated baroclinic force to the depth- 
integrated barotropic force, rb is the tidally-averaged bottom stress, and <Jb and K b are, 
respectively, the adjusted eddy viscosity and the effective eddy viscosity at the bottom.
The strength for exchange flow ur could be represented by the surface velocity 
based on Eq. (2.38) in Chapter II:
U... =
pti*M _ _ L  ^
36 12 Z J cr„
(4.4)
In order to evaluate the circulation created by each process, the different effect o f 
each hydrodynamic condition on estuarine circulation is examined. Eq. (4.1) can be 
decomposed as:
PrP h \  Bh
u = —C S ,— 5 , +
3 1 12cr„ 2 36
(  1 3 ^
- s 3 - — s 2
V a o J
where
(4.5)
S, = l + 4 f 3+ 3 £ 4 S 2 =1 + 16C3 + 15£4 S3 = l - 1 8 £ 2- 3 2 £ 3-1 5 C 4 
Eq. (4.5) denotes that the residual velocity can be considered as linear superposition o f 
three components associated with depth-averaged current C, baroclinic effect, and 
barotropic effect, respectively. M athematically, it can be expressed as u = uQ + ua + u^.
Note that these three velocity components are not completely independent, and they are a 
function o f  the adjusted eddy viscosity, cr.
4.2.2 Mechanisms o f  estuarine circulation
Horizontal density gradients, tidal asymmetry, and lateral processes are the three 
mechanisms besides the effect o f winds that are expected to induce estuarine circulation. 
They will be analyzed through the evaluation o f their effects on creating estuarine
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circulation in response to external hydrodynamic conditions. As the horizontal density 
gradient is generally considered to be the main mechanism o f gravitational circulation,
we will focus on density-driven flow. The analysis will be focused on the exchange flow
2
ur = (ph /<70) X ( x v Q, i.e., estuarine circulation with negligible C.
4.2.2.1 Density-driven flow
The classical theory attributes the creation o f two-layer exchange flow to the 
horizontal density difference in estuaries. The flow driven by this mechanism can be 
described by GS if  only the baroclinic pressure term is retained. Thus, p  is assumed to be 
zero, <7 collapses to effective eddy viscosity K, and substituting them into Eq. (4.5) gives 
the expression o f density-driven flow:
uD = U v S2 = U D(l + l6 C 3 + l 5 f 4) (4.6)
where U u = - h  j"  ^a zd z  j \  1K h is the strength o f the density-driven exchange flow and 
none o f the variables are affected by tides nor lateral processes.
The circulation structure is described by S2, which is fixed regardless o f the 
change o f baroclinic forcing. Comparison o f the structures suggested by the HR65 
solution and uD shows that they were really similar (Fig. 4-1). The difference is due to the
4th-order approximation o f the GS model. As salinity gradients in estuaries are always 
seaward, UD is a positive value, and hence density-driven flow should have a typical
circulation mode that has a seaward flow in the upper layer and a landward flow in the 
lower layer.
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4.2.2.2 Tide-induced flow
Tide significantly contributes to the exchange flow - both Stokes drift and tidal 
asymmetry in stratification affect the horizontal pressure gradient, and the effective eddy 
viscosity k, at the subtidal scale. If the horizontal baroclinic pressure gradient is set to 
zero (therefore Pr = 0), and acceleration terms are neglected to exclude the effects o f
lateral processes ( a  collapses to K). Based on GS (4.1) and its decomposition expression 
(4.5), the flow generated only by tide is
uT -
Prh2 (  1 0 3 0 1 _ P Th‘
 1S3 ~ ——S 2
k k o K h 2y K 036
where f iT is the tidal-induced residual barotropic force and % = K J K b signifies the 
param eter % under such conditions. Note that KQ actually contains molecular viscosity, 
and therefore its minimum value is not zero, even when turbulence is totally suppressed.
Even while neglecting the horizontal density gradient by setting Pr = 0, KQ/Kb is
also affected by stratification, and therefore % is normally smaller than 1, unless in the
homogenous fluid where x T~ K J K b «  1. The value o f ^  is generally positive, and
therefore the pattern o f tide-induced exchange flow belongs to one o f Pattern IV (J3 > 0,
X T> 1/3), Pattern III (J3T < 0, x T> 1/3), Pattern VI (fiT > 0, 0 < x T< 1/3), or Pattern V {fiT
< 0, 0 < x T < 1/3) (Table 3-1). As Patterns III and IV have two layers, they indicate that
tidal asymmetry could also generate a two-layer exchange flow; but this flow has a 
maximum velocity o f  the upper layer at the depth below the surface, which is consistent 
with some previous studies (e.g., Jay and Musiak 1996, see Fig. 4-2).
With respect to the strength o f tide-induced flow, Up  Eq. (4.4) gives the 
estimation o f strength:
When the positive % is between 0 and 1/3, indicating a three-layer flow, the strength f /
has the same direction as the tidal-induced residual barotropic force, (5^  but when % is
larger than 1/3, indicating a two-layer flow, the strength UT has the opposite direction to
PT\ the tidal-induced flow has a seaward (landward) surface velocity when PT is landward
(seaward), which is consistent with previous studies, such as Ianniello 1977; Ianniello 
1981; Cheng et al. 2011. The above argument is counter-intuitive: how could a seaward 
barotropic forcing generate an exchange flow with landward velocity at the surface? The 
explanation, however, is simple. It is because we just want to know the pattern o f 
exchange flow in this study, which requires that the depth-averaged velocity C equals 
zero. In fact, in such cases that circulation is only forced by barotropic forcing and 
friction, there always is a non-zero C with the direction equal to its barotropic forcing, 
and the current is generally total inflow (f iT > 0) or outflow (fiT < 0). Therefore, the
unique phenomenon could only happen in the locations where C  given by tide is 
negligible or is compensated by additional advection C provided by other sources.
In well-mixed estuaries, eddy viscosity is always assumed to have a parabolic 
vertical profile, therefore we can assume that the values o f K  at the surface and bottom 
have the same value. Therefore, 1, which gives a two-layer circulation similar to 
Pattern IV (fiT > 0) or Pattern III (fiT < 0) ( see the pattern classification Fig. 3-4 and the
(4.8)
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criteria in Table 3-3 in Chapter III). However, in estuaries with stratifications, the value 
o f K  at the upper layer becomes relatively small compared to its value at the lower layer 
as stratification increases, resulting in a decreasing ratio K J K b and, hence, a smaller value
o f x- This indicates that the pattern o f tide-induced flow turns from two-layer flow to 
three-layer flow as the value o f x  reduces from above 1/3 to below 1/3. Thus, the two- 
layered tide-induced flow occurs in estuaries where the value o f x  is above 1/3, and it has 
the pattern similar to Pattern IV {fiT > 0) or Pattern III (J3r < 0). The three-layer
circulation pattern similar to Pattern VI (/?r  > 0) or Pattern V (fiT < 0), instead, is the
pattern o f tide-induced flow in estuaries where the stratification is intense enough to 
result in a value o f  x  below 1/3. Tide-induced flow could be two-layer or three-layer, 
depending on the special conditions, and it does not matter whether the estuary is 
classified as a highly stratified estuary or a partially mixed estuary. But it may be 
expected that three-layered, tide-induced flow is more likely to occur in highly stratified 
estuaries than in partially mixed estuaries.
An example may come from the study o f  Cheng et al. (2011). They decomposed 
estuarine circulation using a numerical model, and they found that the flow component 
driven by tidal asymmetry in the central regime (referred to as the ATM-induced flow in 
their paper) had a two-layer structure in the well-mixed case, which turned into a three- 
layer structure as the stratification increases in partially mixed and stratified cases. The 
barotropic force /? generated by tide was always landward (/?r  < 0), therefore the
circulation pattern should be similar to either Pattern III or V based on the discussion 
above, which was confirmed (Fig. 4-3): it has a two-layer circulation pattern similar to
90
Pattern III with seaward flow in the upper layer and landward flow in the lower layer 
when stratification is low, e.g., in well-mixed estuaries; and it has a three-layer 
circulation pattern similar to Pattern V with landward flow near the surface and bottom 
but seaward flow in the middle when stratification is high, e.g., in highly stratified 
estuaries. To the intermediate stratification, it also showed a three-layer circulation 
pattern similar to Pattern V in their partially mixed case. The difference o f these two 
flows with three-layer circulation pattern could be easily identified: the ratio o f the 
strength o f landward flow near the surface to that near the bottom was higher in the 
stratified case than in the partially mixed case. This phenomenon is expected as % always 
has higher values in partially mixed estuaries than in highly stratified estuaries.
4.2.2.3 Laterally-induced flow
Lateral processes could not be independent to other processes due to the fact that 
the acceleration terms rely on non-zero velocities and, hence, laterally-induced flow 
could not be isolated from flows induced by other mechanisms such as density-driven or 
tide-induced. Thus, it is meaningless to discuss flow that is only induced by lateral 
processes.
However, laterally-induced flow could be generated as long as flows induced by 
other mechanisms exist, and we may still be able to analyze its patterns. The contribution 
o f  laterally-induced flow can be evaluated from the difference o f  velocity profiles with 
and without lateral processes:
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(4.9)
Where the subscripts a and b denote variables with and without lateral processes, 
respectively; and % is the parameter determining the structure o f laterally-induced flow
(for the calculation algorithm see Appendix E),
It is clear that though the velocity profile o f laterally-induced flow is various, it could be 
classified into one o f the six patterns similar to estuarine circulation (Table 3-1); so it 
could be concluded that lateral processes could generate an exchange flow that has a 
similar structure as gravitational circulation, which is consistent with the observation (e.g., 
Basdurak and Valle-Levinson 2012). Thus, the contribution o f lateral processes to the 
strength o f estuarine circulation is apparent: if  laterally-induced flow has a similar pattern 
as the estuarine circulation, it enhances the strength o f the estuarine circulation; if  it has 
the opposite pattern from the estuarine circulation, it reduces the strength o f the estuarine 
circulation.
Xl =Zb +
The strength o f laterally-induced flow UL is
(4.10)
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4.3 Summary and conclusions
After examining flow induced by each mechanism, it confirms that all o f these 
mechanisms could create two-layer exchange flow with seaward flow in the upper layer 
and landward flow in the lower layer that is usually expected to be the typical pattern in 
estuaries. In this sense, all o f them could potentially be the fundamental mechanism. 
Nevertheless, the difference in patterns o f  the three kinds o f flow could be analyzed to 
give some suggestions.
The fundamental one should always exist in every estuary and be unique from 
other water bodies, such as open oceans or rivers. An estuary always has a horizontal 
salinity gradient and therefore a permanent existence o f density-driven flow, whereas 
other conditions for generation o f tide-induced flow or laterally-induced flow are not 
guaranteed. In addition, the typical pattern o f exchange flow is comprised o f seaward 
flow in the upper layer and landward flow in the lower layer, and only density-driven 
flow is always in accordance with this pattern. The other two flows have uncertain 
patterns that could be with either the same or the opposite flow directions.
Thus, in this point o f view, our analysis supports the argument summarized by 
MacCready and Geyer (2010) that the density-driven mechanism is always the one that 
cannot be neglected, which, in other words, is the most probable candidate for the 
fundamental underlying mechanism o f estuarine circulation.
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Figure 4-1. Comparison o f density-driven flow uD w ith the classic HR65 solution.
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Figure 4-2. Tide-induced flow with a two-layer pattern similar to Pattern III (exactly 
reproduced from Jay and M usiak 1996).
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Figure 4-3. Along-channel distributions o f tide-induced flow uT (upper panel) and their
barotropic forcing (lower panel) o f the three cases in the paper o f Cheng et al. (2011),
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mixed estuary; and c) and f) in a highly-stratified estuary. The shades have a negative 
sign, indicating the landward direction.
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CHAPTER V. Summary and concluding remarks
Instead o f  directly solving for the momentum equation, a perturbation method for 
along-channel velocity has been used to develop a new analytical solution, the general 
solution GS, for the velocity profile o f estuarine circulation. It retains 4th-order 
approximation and can be computed based on the external forcing, stratifications, and 
hydrodynamic conditions o f estuaries. GS can be applied to any estuaries without 
presumptions o f constant horizontal gradient and constant eddy viscosity. The model 
reviews possible patterns o f estuarine circulation and provides a way to understand the 
underlying mechanisms o f estuarine circulation.
The solution derived by Hansen and Rattray, HR65, was found to be a particular 
solution with given assumptions, and it works well when the param eter % o f GS is in the 
range between -0.53 to -0.20. It explains the reason why HR65 exhibits good skill in 
many estuaries but may perform poorly in other estuaries. The scaling o f strength for 
estuarine circulation o f  GS emphasizes the importance o f barotropic effects, tidal 
asymmetry, and lateral processes besides o f horizontal density gradients and stratification 
that are considered to be the only important two factors in the traditional concept. Their 
effects could be included in the HR65 scaling by rectifying eddy viscosity with a scaling 
factor y.
Estuarine circulation can be divided as the combination o f two flows: 1) the flow 
associated with depth-averaged velocity C that is generally considered as riverine flux, 
and 2) the exchange flow that is driven by baroclinic forcing; and they are described by 
the two terms o f HR65. GS could also separate these two flows, the flow uc related to the 
depth-averaged flow C, and the exchange flow, ur. The difference to the classic concept
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is that riverine flux is not the only source o f  depth-averaged flow. It could be produced 
from the residual tidal current, and it is not lateral homogenous under the influences o f 
external forcing, lateral circulation, and bathymetry. The exchange flow is not only 
created by baroclinic forcing, but also by other processes, such as tidal asymmetry and 
lateral processes.
HR65 does not only show one pattern o f exchange flow that exhibits a seaward 
flow in the upper layer and a landward flow in the lower layer. Instead, it is indicated by 
GS that exchange flow can actually be classified into 6 patterns. 4 o f them (Patterns I to 
IV) have the structure o f two-layer circulation; the other 2 (Patterns V and VI) have the 
structure o f three-layer circulation. It is consistent with observations from field 
measurements and numerical model experiments. The hydrodynamic conditions 
corresponding to each pattern are obtained from GS, suggesting that baroclinic forcing is 
not the only condition that determines the pattern and it emphasizes the combined effect 
o f each term in momentum equation.
The requirement o f hydrodynamics for the “normal” two-layer patterns of 
exchange flow is not as strict as requirements for other patterns, and could be easily 
achieved in estuaries. Thus, this explains why the common pattern o f estuarine 
circulation observed is the “normal” two-layer patterns though the circulation is under the 
influence o f other processes besides the horizontal density gradients.
GS has shown that the tidal asymmetry and lateral processes could significantly 
affect the vertical profile o f along-channel velocity for estuarine circulation through the 
modification o f  residual barotropic forcing f3 and adjusted eddy viscosity cr. The analysis
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on the requirement o f hydrodynamics for each pattern suggests that these two processes 
could even alter the pattern o f exchange flow that is driven by baroclinic forcing in some 
estuaries.
Further investigation on the pattern o f  exchange flow induced by tidal asymmetry 
and lateral processes demonstrates that both o f these two processes could independently 
generate an exchange flow that has a similar pattern to that observed in estuaries, namely 
tide-induced flow and laterally-induced flow, respectively. Thus, it mathematically 
confirms the prevailing view as these two processes could be the possible mechanisms 
for generating estuarine circulation, besides the horizontal density gradients. Nevertheless, 
after comparing the possible patterns o f density-driven flow, tide-induced flow, and 
laterally-induced flow induced by the three mechanisms, it is found that the density- 
driven flow has the most permanent and stable pattern in estuaries with various 
hydrodynamics. This suggests that the density-driven mechanism is the dominant 
mechanism and the most possible fundamental mechanism for estuarine circulation.
In this thesis, the general solution has been established and some o f its 
applications are presented. It has answered some questions and explained some 
phenomena o f  estuarine circulation, however, there are still many interesting and 
important questions left for future study. First, we have only investigated the pattern o f 
flow induced by each mechanism, whereas the decomposition o f estuarine circulation 
needs to be analyzed to help understand their contributions. Second, advections and 
Coriolis forcing are lumped into a parameter in GS, the adjusted eddy viscosity, and their 
effects on estuarine circulation are combined as lateral processes. GS, at this moment,
cannot describe these two different processes and analyze their contributions separately.
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Last but not least, wind-driven circulation is common and important in estuaries, and GS 
should be extended to include it.
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APPENDICES
Appendix A Calculation of adjusted eddy viscosity
Existence o f a vertical profile o f  cr (z ) and the method to calculate it is discussed
as it was used to merge local acceleration, advections and Coriolis acceleration into a 
plausible stress divergence in this chapter. Note that the two Eqs. (2.29) and (2.30) still 
work even if  a profile o f cr does not exist, which, instead, just need two parameters 
crQ and <7b. Nevertheless, it is worthwhile to find this profile o f cr to make its physical 
meaning clear.
First, for any given water column (x, y, t), if  we set g(z) = d[(7f(du/dz)]/dz, Eq.
(2.16) becomes: ( - p  XdP/dx) + g ( z ) = 0. As the pressure term is always a continuous 
function o f z, this equation guarantees that the function g ( z ) should also be a continuous 
function o f z. Therefore, the antiderivative o f the function g (z )  exists, i.e., there is at 
least one function G (z ) making dG(z)/dz = g(z). There are multiple choices on G (z) = 
[<r((du/dz) + const.], however, after we accept the boundary condition G (0 ) = 0, as du/dz
= 0 at the surface, the constant in G (z) should be zero, and the vertical profile o f function
[ 1 3P  ^ dz = cr (du/dz). It is noted that function G (z) would
p  dx )  1
totally change when an alternative condition such as any G (z {) = 0 at z = z x is chosen, 
where z { represents the locations where du/dz = 0. Therefore, among these locations 
including the water surface, only one condition letting G (z {) = 0 could be accepted. Once 
we chose the boundary condition G (0 ) = 0 at the surface, the function G (z) is set, and
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G (z ]) in other locations z x cannot be expressed as G(Zj) = [(^(dw/Sz)] but as G (z t ) 
<j (du/dz) + const, f  0. So the final expression for G (z) is:
G (z )  =
du . . _cr, —  + const, at z = z, excluding z = 0
du , cr, — , at other depths
dz
(A .l)
With Eq. (A .l), it is easy to calculate c r(z) within the whole water column 
except at the locations z y  Generally, there are two such locations for a two-layer 
circulation and three for a three-layer circulation. One location for all the circulations is 
at the surface, but we can calculate <7 through Eq. (2.29), and the other cr (z) at the
-1 2 2
locations z could also be calculated by momentum equation ( - p  dP/dx) + cr (5 u/dz ) =
0 at this depth since ( da jdz)(du /d z ) = 0 there. Note that dG/dz = (d<rt/dz)(du/dz) +
cr(d u/dz ) through the whole water column based on Eq. (A .l). Finally, a continuous 
function o f adjusted eddy viscosity cr at all depth o f can be obtained and this profile is 
unique for each water column:
cr,; (*)=
J_8P  dhi 
p  dx /  dz1
f - f i ^
'° ^ p  dx
, at z = z.
du
(A.2)
dz — , at other depths
/  dz
Note that in Section 2.2.2, we used the expression G (z) = crfiu/dz for all the depths
instead o f Eq. (A .l) for convenience, it is suitable here because the two needed boundary 
conditions (2.29) and (2.30) do not refer to G (z) at any locations z besides the water
surface.
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Appendix B The lateral-averaged bottom acceleration-adjusted eddy viscosity
It is clear that <Jb ± K b unless the full particle acceleration (D /D t) o f velocity o f
the entire water column is zero. However, in the central regime o f estuary, it can be 
proved mathematically that crh ~  K h if  we consider lateral-averaged estuarine 
circulation.
If we use the overbar symbol to denote any laterally averaged variable, the x- 
momentum equation and continuity equation becomes:
Du _  1 dP -  d
Dt p  dx dz
~K —
dz
(B.l)
du dw  
—  + —  = 0 
dx dz
— I f  where K  ^  — K d y , instead: p h
(B.2)
5_
dz
~K —
dz
_ 1 p d (  „ d u ^  
B dz
K  —
V dz J
dy
The vertical integral o f  Eq. (B .l) gives
(B.3)
•o Du
_  i
~h Dt
1 d P ' . r° d f — du')
dz + K  —
P dx J - h dz 8 z J
dz. (B.4)
where h equals the distance between the highest water level and the deepest bottom. 
Therefore, without surface stress, Eq. (B.4) becomes
where U = C h and V  are the depth integrals o f along-channel and cross-channel 
lateral-averaged velocities. In the central regime, d/dx ~  0, which leads to an almost zero
V based on the continuity equation and hence f V  = 0. It also eliminates the second 
term in the lhs o f  Eq. (B.5). In addition, variation o f river discharge and tidal currents are
dU
considered small in normal weather days in the central regime, i.e., ----- ~ 0. Integrating
dt
(B.2) from the bottom to the surface, we get
dU  ~---------h W z = 0  -  0
dx
(B.6)
As the first term in the lhs o f Eq. (B.6) vanishes in the central regime, it results that w==o 
= 0. Therefore, (uw ) = 0. T h u s , all the terms in the lhs o f Eq. (B.5) are almost zero
and Eq. (B.5) becomes:
0 “ J.
1 dP
p  dx
d z -  K,
r du^
Transforming Eq. (B.7) into the coordinate system gives:
(B.7)
o ^ f  - 1 -•'-■I p  dx d i ~ K h
( d u } (B.8)
Comparing Eq. (B.8) to Eq. (2.30), it is easy to find that a b ~ K b
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Appendix C 5th-order solution fo r  estuarine circulation
GS for estuarine circulation only retains 4th-order accuracy, where we omit the 
remainder:
(C .l)
r: n\n- 1 5! e c
The remainder is the third term o f Eq. (C .l). For simplicity, it is assumed that the 
coefficient o f the remainder is vertically constant, and after applying the same boundary 
conditions as the general solution, Eq. (C .l) becomes:
u = CFX + (c3) F3 + (c4) F4 + DF5, (C.2)
where D  is the constant coefficient o f F s after this transformation. We also find that:
P's = - i ( 2 < r 3 + 5 £ 4 + 3 f 5). (C.3)
B IA S
Substituting Eq. (C.3) into Eq. (C.2) gives:
u = CFX + AF3 + BF4 + D (B IA S ) (C.4)
So Eq. (C.4) indicates there is difference between the real velocity u and the best fit o f u 
based on the expression u = C F X + A F 3 + BF4 as long as D  is not zero.
Taking the derivative o f u with respect to gives:
—  = C ( - 3 ^ )  + ^ ( - 1 8 f - 2 4 f 2) + s ( - 1 2 4 ' + 2 0 f 3) + D - - ( 6 £ 2 + 2 0 f 3 + 1 5 f4)
dC
d1u
S i 2
= -3 C  + y f ( -1 8 -4 8 4 ')  + B (-1 2  + 6 0 ^ 2) + £> — ( l 2 f  + 6 0 f 2 + 6 0 ^ 3)
(C.5)
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Similar to the approach deducing GS, it can be shown that:
A = p h 2 
B  = - p h 2
1 P„ + 1
■ +  ■
v 9cro y
5 2 
- - C + —D
6 9
r 1 P .+ P
+  ■
v 1 2 c r 0 4 CT, y
+ C - - D  
3
(C.6)
Eq. (C.6) shows the indirect effect o f  D  on exchange flow Thus, the velocity o f estuarine 
circulation has the solution:
u  -  u g s  +  D + D (B IA S )  
= uas + [ / ,( !  + 40£"3 + 75^  + 3 6 ^ 5)
(C.7)
Where U = -D /9  is the magnitude o f this part o f estuarine circulation. As discussed
above, D  is related to the vertical variation o f  baroclinic force and cr, so it is meaningful 
to separate the velocity components related to D  from other processes.
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Appendix D Associate U. with physical meanings
In this appendix, we try to associate U to forces, parameters that we could obtain
from measurement or numerical model. Although its expression may be difficult to apply 
for analytical analysis, it provides the 5th-order solution with physical meaning, and also a 
method to predict more various velocity profiles for estuarine circulation than the 4th- 
order general solution.
Eq. (C.4) in Appendix C has given the mathematical expression o f the 5th-order 
solution, and it could be calculated from Eq. (C.5) that:
du
d2u
d £ 2
d2u
d c
= 3 C - 6 A - 8 B  —  D  
3
= -3 C  + 3(L4 + 48£  + 16D
Three boundary conditions are used to calculate A, B, and D:
(D .l)
d 2 u
P h 2 +(JQFAF = o, at C = 0
0 d £ 2
.] du
3 , n i  2 &-ccbh + f3h + 0, at f  = -1
(D.2)
where the three velocity components u, v, and w are all zero at the bottom, which 
vanishes the acceleration terms, and hence it appears K  not a  in the third condition. Note 
that it indicates that d[K (du/dQ ]/d£ = d[cr(du/dQ]/d£ but Kb ^  crb. Upon further
investigation o f the third condition o f Eq. (D.2), it is easily found that:
108
7 3  n i l  r  dK du- a hh + f3h + K h——j  + —— — : - 0 ,  at £  
OL, oc, oc,
Substituting Eq. (D .l) into (D.2) and we could calculate that:
(D.3)
D  =
p t i
<Tn
_3_
20
) J ! L +7
10
- 3  C (D.4)
where R denotes the ratio o f the baroclinic pressure gradient a bh to barotropic pressure 
gradient /3 at the bottom. In addition, A and B  could be calculated based on Eq. (C.6).
If we use the expression for eddy viscosity K  near the bottom o f benthic boundary 
layer theory, (dK /dQ b becomes:
K  =  K U + Z
dK dK dz
—  = -----------------=  k u M
d £  dz d£
(D.5)
where k  is the von Karman constant (« 0.408), and w* is the shear velocity and can be
calculated as w, = ( r . /  p)0’5. Thus, in the expression (D.4) for D ,
K k
(D.6)
Thus, all variables needed for calculating D  can be obtained, and hence U = -D/9 can be 
calculated:
U. = P h :
1
60 K„ h / P
X 90
+ C (D.7)
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Appendix E Algorithm of function X(x, Q
Considering two functions ux = a X  (%, Q  and ux = b X  Q, it can be shown
that:
Proof:
M, +  U~ = ax(Zl,l;)+bx(x2,<;)=(a+b)x[ax'a+bx\ £ } (E .l)
aX(z,.C) + hX(Z2.C)
-  + ^ - V 3- a
9 6 J 3 L + Zl12 4 F, I  + ^ V 3- 6 f - L  + ^ ]9 6 J  3 U 2  4 J
= {a + b)( I  + _(a + 6)f ±  + l£*L±** V4
v ; l,9 6 a + 6 J 3 v V12 4 a + b J
F,
= (a + 6) 1 , 1 aZi +bXi ) 
9 6 a + b
Ft -  —  +1 , 1 a z , +b%2) F
q Z i + ^ 2  
a + b
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